Chapter 2

B Time Domain Representations
for LTI Systems

2.1 INTRODUCTION

In chapter 1, we discussed a number of basic system properties. The systems which
sausty linearity and time invariance arc called linear-time invariant (LT1) systems. In this
chapter, we will describe the different time-domain representations for LTI systems i.¢., the
representations that relate the output signal to the input signal when both the signals are
represented as a function of time.

One of the primary reasons for LTT systems are easy to analyse is that they exhibit
superposition property. Therefore if we can represent the input to an LT1 systems in terms
of a hnear combination of a set of basic signals, then we can find the output of that system
in terms of the responses to these basic signals.

There are different methods for representing an LTI system in time domain. Few of
them are,
(1) In terms of impulse response.
(1) Difference/differential cquations.
(1) Block diagram representation. ctc.

2.2 IMPULSE RESPONSE REPRESENTATIONS FOR LTI SYSTEMS

A complete characterization of any LTI system can be represented in terms of
1ts cesponse to an unit impulse, which is known as impulse response of the system.
Alternatively, the impulse response 1s the output of a LTI system due to an impulse input

applied at t=0 or n=0.
——

[f the input to a linear system is expressed as a weighted superposition of time-shifted
impulses, then the output is a weighted superposition of the system responses to each time-
shifted impulse. If the system is also time-invariant, then the system response to a time-
shifted impulse is a time-shifted version of the system response to an impulse. Hence the
output of a LTI system is given by a weighted superposition of time-shifted impulse
responses. This weighted superposition is known as the convolution sum for discrete-

=

tme systems and the convolution integral for continuous-time systems.

2.2.1 The representation for discrete-time LTl systems in terms of Impulse Respons'e
In this section, initially we will discuss to construct any discrete-time signal x(n) mn
terms of discrete-time shifted unit impulses.
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This signal x(n) shown in Fig 2.1 can be splitted as shown below in Fig

Ny () = x(=2) 6(n+2)

t - - » & - 1n
g ?1 30 1 2 3 4
|
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By observing Fig 2.1 and Fig, 2.2 we get,
N n) = .\‘(*‘2) 8("'*‘ 2) + ,\'(—I) 8 n-+ l p ) " .
P > (D +3(0) 8(n) + Y1) B(n-1) + x(2) (1.2

S ¥(n) = Z v(k) d(n-k)

But in general, any discrete-time signal x(n) can be expressed as
" :d as,

() = 2 x(k) S(n-k) 2.1)

k=-w

Ineqn. 2.1, we expressed x(nn) as the weiglited sum of time-shifted impulses.
Now consider a discrete-time [T] system as shown in Fig, 2.3

1 | ) (R

T{} F——>ym)

Fig. 2.3

where  x(n) is input to the systein.
y(n) is output of the system.
T{-} is system opcrator,

- We have,
y(n) = T{x(n)} e (2.2)
Substituting cqu. 2.1 in eqn. 2.2 we get,
o
SLym) =T {2 x(k) 8(11-k)}
k=-o0
Using lincarity property we get,
o0
y(n) = 2 x(k) T {5(n-k)} — (23)
k=-w0

Inegn. 2.3 T{§(n-k)} corresponds to the operation of the system performed on time-
shifted impulse §(n-k).

STk} =hn-k) e (2.4)
where h(n) is the impulse response of the system.
S“bStituting eqn. 2.4 ineqn. 2.3 we get,
w -
Ly = Dox®hink) e (2.5)
k=-c
...... (2.6)

y(n) = x(n) * h(n)
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Now say, we want to find the output y(n) of this system to an mput x(n) shown in
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The output y(n) is obtaitied by adding the

: , responses due to each indiv: ‘
the nput as shown in Fig, 2.6. P to each individual sagsiple of
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But the method illustrated in Fig. 2.6 is advisable only if the number of samples in
both the input x(n) and the impulse response h(n) are finite and less.

Examples T A R T YRS T e . ST
Example 2.1 Adiscrete-time LTT system has impulse response h(n) as shown in Fig. P2.1.
Using linearity and time invariance property determine the system output
y(n) if the input x(n) is given by,
x(n) = 26(n) - 8(n-1)

h(n)
¢3
2
1 I1
~:'st-1o121:§315 .
-1
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ARCRAS ¥(n) = o(n) - o(n. 1. The plot of x(n) 1s shown in Fig 2.1 1

x(n)
2

!:2.‘5!! 11
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-1 Fig. P2.1.1
Now, le

_ tus draw the response of the system
signal x(n) ac

by taking individual sample of the inpy;
a time as shown in Fig. P2.1.2

[Y="p

6 .
r yi(n)
r4
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2 2 2
‘ h(n) ] [
—>
24 0 1 s 3 4&4012[3‘35”
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Ay(n) y»(n)
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> ! B I n
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2
-3
1> y(n)
x(n) = x,(n) +x,(n) 5
2 2
— ' h(n) 1
il e
2 -1 0 121 3 . 2

J -4 Fig. P2.1.2
y(ll) = 28(n+1) + 56(n) + &(n-1) -46(n-2) +306(n-3) - O(n-4)
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Example 2.2 Adiscrete-time LT systern has impulse response h(n) as shown in Fig P 2.2,

Solution :

Using lincarity and time invariance property, determine the system output
y(n) if the input x(n) is,

x(n) = u(n) - u(n-3)

h(n)
93

; +— 11
-32-10121345
-1
Fig. P2.2
Given : x(n) = u(n) - u(n-3)
The plot of x(n) is shown in Fig. P2.2.1.
x(n)
111
e e M S Sr— n
3 -2 -1 0 1 2 3 4

Fig. P2.2.1

Now, let us draw the response of the system by taking individual sample of the mput
signal x(n) at a time as shown in Fig, P2.2.2.

) "3
x,(n) y(n)
‘ 2
r h(n) r 1
— I
2 4 0 3 2 ! ' N
- 2 3 -2-10121345
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x,(1) ¥a(n)
2
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—_—
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? ¥ 4 + } } } " } + n
10 1 2 3 2 -1 0 1 2 3J' 4 5
-1



Caepomin & Gpog, ”

114

N

A (n)
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L 27
94 "4
x(n) = x,(n)+x,(n) +x,(n) ’
=11 e 7 ’ |
i R
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Fig. P2.2.2 i

y(n) = 6(n+1) + 48(n) + 68(n-1) + 48(n-2) + 28(n-3) + 6(n-5)

“ Example 2.3 Evaluate the discrete-time convolution sum given below,
y(n) = u(n) » u(n-3)
Solution:  Consider  x,(n) = u(n)
%y(n) = u(n-3)

The signals x,(n) and x,(n) are ploteed in Fig V231 & Fig 1232 respectively,

x,(n)

42 1 0 1 1"
Fig. P2.3.1
%,(n)
1117 |
SR R B S oy o S

Fig. P2.3.9
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We have to obtain,
y(n) = u(n) * u(n-3)
= x1(n) * x,(n)
D
Ly =20 5@anmk) e P2.3.1
k=-w0

Let us draw x(k). It is obtained by replacing ‘n’ by ‘K’ in Fig. P2.3.1 as shown in
Fig. P2.3.3 below.
x(k)

11

2 4 0 1

l I .............. )

we

.
Fig. P2.3.3

Similarly obtain x,(k). Then obtain x,(n-k) with n=0 [i.c., x,(-k)] by taking thc
mirror image of x,(k) as shown in Fig. P2.3.4.

x,(n-k)
REREI
76 5 43 2305123 45 .
L={1'-3 kzn
Fig. P2.3.4

Once we take the mirror image whatever we get at k=0, consider it as k=n. So the
last non-zero sample of x;(n-k) with n=0 occurs at k=n-3. .
Now according to eqn. P2.3.1, we have to multply x(k) and x,(n-k), then
summation must be carried out for the entire k-axis. i.e., -0 < k < o. Now if ‘n’
is positive integer it corresponds to forward shift of x,(n-k) and if ‘n’ is negative
integer it corresponds to backward shift of x,(n-k) along the k-axis.
s Whenn-3 <0 (e, n<3) :
soy(n) =0 n<3
When n-3 2 0 (i.c., n 2 3). then muluplication of x,(k) and x,(n-k) yields non-zero

value for 0 < k < n-3.
n-3

y(n) = 2 %K) x(n-k)
k=0
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n-3
= i1 N-1
k=0 [ 2 1= N]
n=0

Alternatvely,
y(n) = (n-2) u(n-3)

The signal y(n) is plotted in Fig. P 2.3.5.
5

94

3
g f I [ e
I1
1l
3 5
5

y(n)

4 3 2 1 0 1 2 4 6§ 7

Fig. P2.3.

Example 2.4 Consider an input x(n) and a unit impulse response h(n) given by
x(n) = a" u(n) 0<o<]
h(n) = u(n)

Evaluate and plot the output signal y(n).

Solution : We know that,

y(n) = x(n) = h(n)

» @)

y(n) = Z x(k) h(n-k)

k=-o

x(n)y=o'u(n)
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]H ............ |

Fig. P2.4.3

h(nik)

AT

6 5 4 -3 -2 1 0 1 2 3 4 5 6 7 =

k,"—gn
Fig. P2.4.4
Whenn < 0 ; x(k) h(n-k)=0
y(n) =0 ;n<0
Whenn>0;  multiplication of x(k)and h(n-k) yields non-zero value for0<k<n,
n-
y(n) = Z x(‘k) h(n-k)
k=0 )
n
= ak.1 N-|
; 4 | |- GN
k=0 a = ya#E
o ! n=0 l-a
y(n) = n=0 =N o =1
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Example 2.5 Consider the input signal x(n) and the impulse response hin) gven beley,

x(n) =1 ;0€n<4
= () : otherwise

h(n) = a" ,05ns0 ca > |
= () ; otherwise

Compute the output signal yin). Also plot y(n) for a=2.

Solution:  We have y{n) = x(n) = hin)
L7 9]
ie, yn) =D k) hin-k)
k=

The signals x(n) and h(n) are plotted in Fig. P25 1 and Fig, P25 2 respectively

x(1n)
ewnn s B AR
3 2 4 e i
Fig. P2.5.1
hin =g

I
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Fig. P2.5.3

? h(n-k) = ¢

8 -7

When

"When

-6
k=1;1-6 k

5 -4

Fig. P2.5.4

n<0 y x(k) h(n-k)=0,
Soy(n) =0
n=0andn<4(ic, 0£ns4)

n
y(n) = 2 x(k) h(n-k)
s k=0

"
= Z a1
k=0

Ld

n+ |

1-a

y(n) =

When n >J4 and n-6<0, (i.c,, 4<n § 6)

‘n<0

0<n<4

119
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Yo ===
When n-6>4(ie,n>10)
=0
y(n) L L ‘
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The signal y(n) 1s plotted in Fig. P2.5.5. (for o = 2; not to the scale)

124 ¢
y(n) !

] é [

4 3 2 4 0 1 2

629 7064

Fig. P2.5.5

Example 2.6 Consider an LT] system with input x(n)

; and unit impulsc response h(n)
given below,

Compute and plot the output signal y(n).
x(n) =2 u(-n)
h(n) = u(n)
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- w-  We have y(n) = x(n) * h{n)
yﬂM e # 4 L
50} aC
Le., y(n) = 2 :.\'(k} h(n-k)
k=-a0

The signals x(n) and h(n) are plotted in Fig. P2.6.1 and Fig. P2.6.2 respectively.

x(n)=2"u(-n)

n

Fig. P2.6.1
h(n)

]

A + ; . ' T * t + + n
4 3 210 12 3 4 6
4 Fig. P2.6.2
a(k)=2"u(-k)
1
s 1/2
116 Ve I I
T T — k
4-9 2 1 0t 2 3 4 5°6 7
Fig. P2.6.3
h(n-k)
1
t 1 1 1 + T t + + -+ + + + + k
6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7
2
k=n

Fig. P2.6.4
When <0< and n<0 [1.c., -0 <n<0]

n
y(n) = D x(k) h(n-k)
k=-o0

121
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Example 2.7  Evaluate the discrete-time convolution sum given below.

y(n) = ()" u(n-2) * u(n)
Solution : Consider  x,(n) = (%2)" u(n-2)

x;(n) = u(n)

y(n) = (2)" u(n-2) * u(n)

y(n) = x;(n) * x5(n)

o0
ic., y(n) = Z x,(K) x5(n-k)

k=-00

The signals x,(n) and x,(n) are plotted in Fig. P2.7.1 and Fig. P2.7.2 respectively.

x,(n)=(%2)"u(n-2)

1/8
I I T 22 1os
Y I I )

X,(n)=u(n) Fig. P2.7.1
; | 2 3 4 5 n
4 3 2 1 0 1 2 3 4 5
x,(k)=("2) u(k-2) Fig. P2.7.2
1/4
Vs
[ I Ts 1/32 /64
R N B A A X
x,(n-k) Fig. P2.7.3

AN RN RN

.7-6-5-&-:'3-é-1'/101'ééziéé7'
k=n Fig. P2.7.4

123
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When < 2, x(k) Xy(n-k) = ()

y(n) =0 yn o< 2
/7
n

When nx2, y(n) = Z x)(k) x5(n-k)
k=2
n
=2 ("
k=2

Put I = k-2, then

n-2
y(n) = Z (V4) 1+2

[=0
n-2
= (%7 2 ()
=0
4, |,,2 ]_(1/2114
ey 70 ]
y(n) = [%- (“2)"] ;n=>2
. ~ |0 yn <2
e {%-(w O ime

Altcmatlvc,lk

y(n) = {'2- ('/’)"} u(n-2)

Example 2.8  Evaluate the discrete-time convolution sum given below:
y) =B u(m) sum-3)  |B|<I

Solution: Let  x;(n) = B" u(n)
x5(n) = u(n-3)

The signals x,(n) and x,(n) arc plottéd in Fig. P2.8.1 and Fig. P2.8.2 respective!
Given: |B[| <1 (assuming B is positive).

x,(m)=f"u(n)

-432-1

“-’llz; ------------ :
X

Fig. P2.8.1
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XAn) = uin-d)
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e 1

e | ¢ —— 1)
<4 3 @ 1 0 1 2 3 5 & 7
Fig. P2.8Q
X (R) =R k)

4 \;\ ‘5 - L" ‘ .‘ 3 6
Fig. PR.8.3
xy(n-k)
] I |
T 4 — K
4:-5-4;1---1 0 1 2 3 4 5 6 7
B
k=n-3 k=n

Fig. P2.8.4

When 1n-3<0 [ie., n<3)

i
x(K) . a(n-k) =0
Tv(n) =0  ;n<3
When n-320 [ie., n23)
n-3
vn) = 27 3 (K) xun-k)
cuvely k=0
n-3
=200
k=0
i - g

y(n) = 'r_-ﬁ-— yn2ld

Sovn) = ( i) u(n-3)
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Example 2.9  Find the discrete-time convolution sum given below.
y(n) = " u(n) * a" u(n) CIBI<1 ;5 o<1

Solution: Let  x/(n) = p" u(n)

x3(n) = a" u(n)

y(n) = B"u(n) * a" u(n) DIBI<1 5 al<t
£ xy(n) # (1)
0
y(n) = Z x,(k) x5(n-k)
k=-00

" The signals x,(n) and x,(n) are plotted in Fig. P2.9.1 and Fig. P2.9.2 respectively
(assuming both o and B are positive). :

x,(n)=p"u(n)

—
—————a
4—
N+———g
Wh—e
Ai—e
Nr—e

: n
2 1 0 1
e Fig. P2.9.
x(n)=au(n)
1’
1 |1 :
4 -3 -2 1 0 1 2 3 4 5
Fig. 2.9
%,(k)=P'u(k)
1]
: I I T oy B .
®w 2 F 8 8 A4 3
Fig. P2.9-

k=n Fig. P2. 9.4
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When n <0 - xy (k) x5(n-k) = 0

Soy(n) =0 rn<()
When n 20,
n
y(n) = Z xy(k) x,(n-k)
k=0
n
o Z ﬁl; uu-lr.
k=0
n ( g )k
— an J
k=0 *
i _& n+l
y(n) = ao”. (0.) =P
_ (B
’ (};)
=a"(n+1) ;= [using L-Hospital’s rule]
-(ﬁ)n‘kl - B
y(n) = | a” ————lu(n) e
(£
-(£)

= [a"(n+1) ] u(n) ;a=p

Example 2.10  Evaluate the discrete-time convolution sum given below.
y(n) = [u(n+10) - 2u(n+5) + u(n-6)] * B" u(n) VBl<1

Solution :  Let xy(n) = [u(n+10) - 2u(n+5) + u(n-6)] and
x,(n) = " u(n)
The signals x,(n) and x,(n) arc plotted in Fig. P2.10.1 and Fig. P2.10.2 respectively.

x,(n)

feanssy 111111

r
Fig. P2.10.1



x,(n)=f"u(n)

E

|11

b -é-é-?é-é-i-é-é-idizal‘slxsl\&

Fig. P2.10.2

x,(k)

I 1
. | | .
24190 7 % o 3 5 6 7
1 :

Fig. P2.10.3

Ay (n-k) :lj"'ln(n-k)

1
------ r 1] T [ [ [ [ |
—7-65-4-3-£-1/01234567
k=n
Fig. P2.10.4
When ne<-1p

xy(k) x3(n-k) = 0

Sy(n) =0 yn<-10)

When n>.qp and ns.6 (Le, -10<p < -6)

n
y(n) = D ¢ g

c=-10

n
=" D ()
k=-10

Putl=k+ 10 : then

n=+ 10

; ) ﬁ ( ] )l-ll?
¥in) =< f» —_—
1=g P
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n+11 - <‘(
y(ll)=l‘—L .10<n<-6

When n>-6 and n<5, (i.e., -6<n<5)

y(n) = Z (1™ et Z( 1)13

k=-10

==Z()BZ()

10 k=
4 0 n+5 N
_B,,[g(%—nnm 0(_) s]
§ 4 n+5
o[ () e ()
I=0 =0
= " (Bm____(l]//_[:i)l B_} T_(L?/%H

y(n) = B";[')Bf Bl - B] Cben<s
When n>5

B= 21 B + 2( 1)pt

k=-10
= Bn Z (B-[)k_ Bn Z (B")k
k=-10 k=-5
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5 n<"10
{ 4 i ;_105!‘)5"6
1-B
. .6<n<5
- y(n) = 4 {’Bé [ZBG_BH_B-n]
B“ " -5 : e 5
| g 2007

———

9.9.2 The representation for continuous-time LTI systems in terms of Impulse
Response

Any arbitrary continuous-time signal x(t) can be expressed as the weighted
superposition of time-shifted impulscs as below.

x(t) = Jx(T) 5(t-t) dt
-00

Now consider a continuous-time LTI system as shown in Fig. 2.7

x(t) T{-} ——y©®
Fig. 2.7

where  x(t) is the input to the system.

¥(t) is the output of the system.
T{-} is system operator.

*. We have y(t) = T{x(t)}

Substituting eqn. 2.7 in eqn. 2.8 we get

o0

y(t) =T { J'x(t) S(t-1) dt}

-00

Using lincarity Property we ge¢

Ineqn.2.9, T¢5
shifted impulse B(t-{t)(t—

Substitut; ug eqn
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yiB) = Jx(f) h(t-t)de (2.11)
-0
y() =x(@) *h¢ey { (2.12)

From eqi. 2.11, we can say that the output y(t) 1s obtained as a weighted superposition

Jfimpulse responses time-shifted by t. The weights are x(1) dt. The eqn. 2.11 is known as
onvolution integral. .

“amplcs T . T O i L e i e ST 20 B e

Example 2.11 Consider a continuous-time LTT system with unit impulse response,

h(t) = u(t) and input x(t) = e™ u(t) ;a>0
Find the output y(t) of the system.

Solution:  We have,

y(t) =x(t) * h(t) -~

ve}

Le.,,  y(t) = J‘x(t) h(t-tydt .

-aC

The input signal x(t) and the impulse response h(t) are plotted in Fig. P2.11.1 and
Fig. P2.11.2 respectively.

x(t) =c™u(t)

t
0

Fig. P2.11.1

h(t)

Fig. P2.11.2

tesp Let plot x(1) and h(t-t) (with t=0) as shown below in Fig. P2.11.3 and P2.11.4

cCtivc]y-
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Aoy =M u(n)
NG
..... o ol - L ‘t
gy '"'w(l
Fig. p2.11,
h(t-1)
—
»rm - St AN 't
0
2 Fig. P2.114

Now, if ‘t" is positive, it means forward shift of h(t=1) and negative means backward
shift of h(t-1).

When t<(;
x(1) h(t=t) = ()

Soy(t) = () s ()
When 20

et 1 de
]

it st
” [.9._]
=

YO = L1

L2
Mr.f,:rnativcly,

: I
s Y(t) = -:.'..' i,_c.-rlI] “(‘.)

The signal y(t) is shown iy, Fig. P2.1 5
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y(t)
18 S S
a e
0 t
Fig. P2.11.5

e et
Example 2.12 Consider a LTT system with unit impulse response,
h(t) = ¢ u(t) ’
If the input applied to this system is,
x(t) = ¢ {u(t) - u(t-2)}
find the output y(t) of the system.

Solution:  The input signal x(t) and the impulsc response h(r) are plotted in Fig. P2.12.1
and Fig. P2.12.2 respectively.

x(t)
1
t
0
Fig. P2.12.1
1
t
0
Fig. P2.12.2
We know that y(t) = x(t) * h(t)
o o]
y(t) = '[ x(1) h(t-t) dt
-0 = *
x(t) = ¢
Fig. P2.12.3
T
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h(t-T)=¢

ST

ST T lmg

0
~
=t

Fig. P2.12.4
When t<0
x(t) h(t-1) =0
Sy =0
- Whent20 and t <2, (i.e, 0<t < 2), we get,
t

= je”h e 0 de
0
t

= J‘e""zt dt

ol
0

y(t) =14 (]__e-2t) et

e

Whent>2
2

y(t) = J‘C"“ e D dr

0
2
= gt J‘e‘z‘ dt
0

e [ e-2t ]
)

0
y(t) =2 (1-cY) e

<0

g e
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0 (T D
Soy(t) =4 A (T )e JLES L.
Vo (1-cHe™ v 2
The signal y(t) 1s plotted in Fig. P2.12.5,
y(®)
e-l _ C-ti
2
+ t + t
0 1 2 3
Fig. P2.12.5
Example 2.13  Evaluate the following continuous-time convolution integral.
y(t) = u(t+1) = u{t-2)
Solution:  Let  x(t) = u(t+1)
and  x,(t) = u(t-2)
The signals x;(t) and x,(t) are plotted in Fig. P2.13.1 and Fig. P2.13.2 respectively.
x(t)
1 I O SO,
t
-1 0 ;
| Fig. P2.13.1
x(t)
1
0 1 2 ¢

y(t) = u(t+1) = u(t-2)
= x,(t) # x(t)

i.C., y(t) = jxl(‘[) .‘C‘z(t*T) dt

-C

Fig. P2.13.2
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| A S 1 Solution :
| E g Th
F- csS
i X:(I'T) '3 pQ'1';
....... IS o
T
o1
1=t-2 =t Fig. pa;

When t-2 < -1; [i.c., t< 1]
2 (T) x5(t-1) = 0
Ly =0 t< ]
When 22 -1 [ic, t> 1]
2
YO = |50 x(t-1) de

t-_2

_—

_1.1.dt
-1

y(t) = 11
Alte Matively,

Y(t) = (t"]) ll(t-l
The signal vy )
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Time

4 FEuvaluate the continuous-time convolution integral given below.

2.1
Exa!"Pk | 5
y(t) = ¢ u(t) * u(t+2)

Let x;(t) = e u(t)
.\.'3(t) = ll(t+2)

The signals x1(t) and x,(t) are plotted in Fig. P2.14.1 and Fig. P2.14.2 respectively.

Solution :

(D)= ()

...............

-2 0

Fig. P2.14.2

X (1)=c¢""u(t)

i

Fig. P2.14.4
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¢ < -2]

1.8 ‘
t+9<0[ = ;(<"

X (T) ‘Z(t‘.t)
sy =

t2 --]H:Z
.\'|(f) _\-2(t-'C) dr

[ %

When

When t+220[ic.

.2: 1 dt

[ "

y(©) = ¥ [1-c ""‘”1

it -2

Alternatively, :
y(t) = Y2 [1-e 23] u(t+2)

———

Example 2.15  Evaluate the continuous-time convolution integral given below,
y(®) = {u(t+2) - u(t-1)} * u(-t+2)

Solution: Let  x,(t) = [u(t+2)-u(e-1)]
and  x,(t) = u(-t+2)

The signals x,(t) and x,(t) are plotted in Fig. P2.15.1 and P2.15.2 rc'spcctivcly.

%(t)

Time D



T-wm wln“' Lt e v wrar

y(t) = (1) * x,y(v)

\‘x‘
y(t) = J‘.\‘.(t) X5(t-1) dt
-0
x,(T)
1
v T
2 1 0 1 2 3
Fig. P2.15.3
xy(t-1)
1
4 T
2 1 0 1 2 3
&
t-2 t Fig. P2.15.4

When t-2 < -2 [i.e, t<0] ,

y(t) = j (1) %,(t-7) dt

-2
1
= Idr
-2

y(t) =3 ;<0
When 2> -2 and t-2 < 1 [ie., 0<t<3]
1
y(t) = le(r) x,(t-7) dt
t-2
1
= '[1 dt
t-2
=1-t+2
y(t) = 3-t 0 <t<3

When t2>1 [ic, t23]



Aeggr T T = LG IR

140

xy(8) Xo(t-7) = 0

~y=0
<0
.-_y(t)ig_t ;()_gt<3
= 0 ; t23
The signal y(t) 1s plotted in Fig. PLi55
y(0
3
2|
1 » ] .-.3
: 2 t
0 1 2 3

Fig. P2.15.5

2.3 PROPERTIES OF THE IMPULSE RESPONSE REPRESENTATION FOR
LTI SYSTEMS

In the previous section 2.2, we studied the very important represcntations of
continuous-time and discrete-time LT systems in terms of the
That means the characteristics of an LT] system are completely determined by its impulse
response. Hence the properties of an LT systein such as memory, causality, stability ctc.

are related to its impulse response. Also the impulse response of an imterconnection of
LTI systems is related to the impulse response of each subsystem

ir unit impulse responses.

2.3.1 The Commutative Property

The convolution in both continuous-time aiyd discrete-time are cenmutatipe
e, x(n)#*h(n) = hin) = x(n)
- . N =
&  x(r)sh{y) = hit) = x(ey .
Consider a discrete-time LT

system lm‘ing mpuyl
ol ulse
(). Then the output is given by, '

Fesponse h(n) and with mput

Y1) = x(n) = hn)

0_".
= 2 (k) h(n-k)
k=_on
Put n-k=m then,
U
yn) =

Xn-mj hiim)
m=_ ’ )

1y = 5
‘) '\”/ i !1(:1) R .'»_{11)
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soy(n) = x(n) « h(n) = hi(n) « x(n)

Slmilnrly‘ consider a continuous- (ime [’
chmput x(t). Then the output is given by,
Wl '

y(6) = x(t) * h(1)

= J.:X('C) h(t-1) dr -

-0

T systen having mipul:

put t-t=m, dt=-dm, then
-0
y(t) = - “.\‘(t-m). h(im) dm
®
5 9]
= J‘h(m) x{t-m) dm
=00
y(t) = h(t) = (1)
L (8 = x(9) = () = h(o) = (0

o Comvolution Operation is conunutative,

2.3.2 The Distributive Property
Another basic property of convolution is disiribuiive property.
e, Indiscrete-time,
x(n) # {hy(n) + hy(n)} = a(n) = by(n) +x(n) = hy(n)

and in continuous-time,

-------

Y

BN

(2.13)

' response hity ane

Consider an interconnection of discrete-time LT1 system as shown in Fig. 2.8

y.(1)
> h.(n)
a(n) ————e
— L__M '}/2(11)

rom Fig, 2.8 we have,
yi(n) = x(n) = hy(n)
va(n) = x(n) = ho(n)

J) = i) + ya() =

A

y(n)

[x(n) * hy(n)j + [x(n) = Ia(n)

Fig. 2.8

sy

4
]
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€D 5 y k
= D () hy(nk) + 2 (k) hat-k)
ol k=-x
A 1
= 30 x(k) {hy(n-k) + haf-)
k=-x
- y(n) =x(n) * {h1(n)+h2(“)} — 2 3
ite the system shown in Fig. 2.8 as shown below in 5. -,
From eqn. 2.15, we can write the sy = =
x(n)  hy(n) + hy(n) —>y(n)
Fig. 2.9
Similarly, in continuous-time,
*(0) = {hy(t) + hy()} = x(t) « hy(t) + x(1) = hy(t) ‘
h,(t)
+
x(t) ———¢ v(?) S
+
oo hin
Fig. 2.10
The system sh
SHowH N Fig 210 can be written 35 shown Fig. 2.11.
0T
y(t)
Fig. 2.11
2.3.3 The Associative Property
This is another im
x(n) * {h CD“‘-OIUIIOH In g; Ok
and in continuous-timc‘(n) Ry} = {x(n) *hy(n)} « ::r;tc-tmw T 21
» > n
(t) * {hl(t) * h 3
Cons'd ‘(t)} = {5
19€T a cascade “OMnection of l(t) *h() hy(t)
Uous-tip, L

x(t) m Z(t) g S¥Stem as shown in Fig. 2k Con i
valug
ym o

Rg 213,
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from Fig: 2.12 we have,
y(t) = z(t) * hy(t)
0
= IZ(T) hy(t- ;
S liiadi S S ST (2.16)
where z(t)' is the output of the first system
- We have,
z(t) = x(t) * h,(1)
(0]
- [soomenan 2.17)
s} .
Substituting eqn. 2.17 1n 2.16 we get,
D dD
y(t) = j _[x(n) hy(t-n) hy(t-7) dn dt
-0 -00
Substituting m=1-1 and interchanging the order of integration we get,
’ (o8]
= |x(n) [ Ih,(m) hz(t-n—m)dm]dn
-0 -0
%
= | x(n) [h(=-n)] dn
o0
where  h(t-n) = hy(t-n) # hy(t-n)
- h(t) = hy(t) = hy(®) .
) = x(t) * h(t) ....... .
il (2.19)

soy(t) = x(t) * (h@=h®l
. Observing eqn. 2.18 and 2.19, we can write the system shown in Fig. 2.12 as shown in
Fig. 2.13 below,

x(t) —2| h,(t) * h_,(tL—-—-) y(t)

Fig. 2.13

Hence, the overall impulse response of two LTI system connected in cascade is the

€0 ;
Wolution of the individual impulse responses.

Also we know that convolution is commutatve. T

213 as below.

hercfore we can write the systemin



Fek
42z bh {15 —> '-’7‘{;
1 - 8 ﬁ)_!, b4
xﬁ)——-fﬁ hit)

fig. 2.14
x(t) —> hit) » () ——v()
Fig 215

From the above discussion we conclude thqa{ the output ﬁi}f“f;?mhmm of
LTI systems is independent of the order in which the systems are connected. o
Sirnilarly, for discrete-timie we have, |
x(n) = {hy(n) = hy(n)} = x(n) 5 {h(n) = h,(n)}
2.3.4 Memoryless System

A system is memoryless if is oun

it put at any ume depends only on the value of the e S
mputat the same time. This is true for adiscrete-time LTI systemonly if h(nj) = 0forpz) T
and for continuous-time [T] system only if hit) = 0 forg =20, If
2.3.5 Causal System Shgdl =

We know that the output of a causal sysrem depends only on the present andior

past values of the input 1o the System. ie.. for a discrete-time LTT system to be causil
s h(n) = 0 for n<g Similarly, for 4 congig
tor £<0,

ous-time LT{ system to be causal, s h(t)=0

2.3.6 Stable System

A system is siable if every b

ound
Consider 4 discrere

¢d input produces 2 bo
tme LT sy

Le., [x(n) < M for Al

m with an input.r(n} 1s bounded.

nl
If the impylse respons SYSten e 8
il p Ponse of the systery ;4 hn). ther ghye Magnitude of the output ¥
ly(n)| = [x(n) h(n)|
= |h(n) *x(n)|

s
” ’Z h(k) *(n-ky
k:::..:j-:.

,‘

l y(n)| < kz | h(k) *(n-k) }
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o
Y] < 37 [y |x(n-k)

k=-x

Since |x(n)| < M, then I"'(“‘k)| <M for ] v

0
~ly(n)| <M 2 |]1(k)| for all

=.x

lues ot *k" and n'.

re.. the magmitude of y(n) js bounde

D Ih()] <o

k=-2

donly if,

~Adiscrete-time LT system s stable only if it impulse re

sponse is absolutely sunmmable.
Similarly consider a continuous-time LT sy

If the mput is bounded.,
e, |x(t)|< M

stem with impulse response ht).

then,
Iy(©)] = |h(e) « x(1)|
o0
= | .[11(1:) x(t-1) dr|
-0
a0
< Ilh(r}.\'(t-f) dr]
oo
< IIh(r)] |x(t-1) | dt
~a0
o
<M J [h()| dr
-0
Le

" ¥(t)1s bounded onlyf

0
| 1node <
~0

i ¢ re se s absolutely
if its ulse responsc

» [ system is stable onl if its 1m

fottinuous-time LTI syste y p

,r‘j?f'f»j}#r
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Response of an LTI System

2.3.7 The Unit-step LTI system ¢h

qracterized by an impulse respopg,
[<

{ - 4 discrete-tine
The output y(n) of 3 discrete

h(n) wath nput x(n) 1. 0
g n - -
y(n) = h(n) *x e
‘ esponsc 1s g
is unit step 1.c.. X(n) = u(n), then the step resp
If the input 1s um By

s(n) = h(n) * u(n)

iRt aaanind SEATA A R (2.20)
= Z h(k) u(n-k) .

k=-w

We know that u(n-k)=1 ‘n-k>0 or k<n
= ‘n-k<0 or k>n

. Fromeqn. 2.20 we get,

n
s) = X, h(k) e (220)

k=-»

Therefore the step res

ponse of a discrete-time LTI system is the running sum of the
impulse response.

Smilarly. for continuous-time LT] system we have,
y(©) = h(t) = x(t)

If the input is unit stepie., x(t) = u(t), then the SICp response is given by,
[ ’

7. 8(t) = h(c) u(t)

o 8]

= J h(t) u(e-1) du 29)
- (2.22

.......

We know that u(t-1)=1 1120 or v <
1120 or v

=g

ST<0 or 73y
. 2.22 wc gct=

* From ¢q

t
.= jhl’.T) dt

e
The rfor &

(2,23)
of tite ip

the step

F(‘Sp(}nqe |

o & S Qf:) COyty - |

ulse pe Sponse, ~1~muous-m~,m LTI Systen: ; } |
11S the TN

s jntedl i



P—_—'
’
pﬁ"‘""c | . N
Consider the interconnection of LTT systems shown in Fig.P2.16. Express

gxum}’k the overall impulse response h(n) in terms of hy(n), hy(n), hy(n), hy(n)
and hs(n)-

h.(n)

o e e e

hy(1)

A 4

h,(n)

rg h_q( ﬂ)

Fig. P2.16

Solution:  Fig. P2.16 can be written as shown in Fig. P2.16.1(a) & (b) below.

h.(n) ]

h,(n)
r——T \ +

hy(n) = h.(n)
1,(n) = hy(n -

y(n)

x(n)

N

hy(1)

x(n) h,(n) * [h,(n) - (h,(n) * bhy(n)] — y(n)

(b)

h,(n)

Fig. P2.16.1

Therefore the overall impulse response s,

i - h(n) = hy(n) + { hy(n) * [ba(n) - (hs(n) * hy(n))]}

am
Ple2.17 Determine a discrete-time LTT system ch
h(n) = (%2)" u(n) is (a) stable and (b) causal.

aracterized by impulse response

0"‘15011 )

i Given: h(n) = ()" u(n)
:Xée know tlmt, a discrete-time LTI system stable, Unl),
‘ SOlutely summable.

if its impulse response is
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D MRS

kw0

- b .......-a-l = ) < X
Z A =™ =
k=0

Therctore the systent is stable.

(b} A discrete-tume LT system s causal, only of h{n) » 0 for n < 0.
Since hin) = ()" u(n) =0 for n <0, the system 1s causal.

Example 2.18 Repeat example 2.17 for hin) = (0.99)" u(n+3)
Solution :

@ 2 K| = 2 [(0.99)

k=-2 k=-3

Putm=k+3 then,

oA oKX
240,99[\ = 27 1099

k= m=0

R
= (0.99)" D" 1(0.99)"|

m=()

= (0.99)3 — 1 _
1-0.99
= 103.06 < »

*. The system is seable.

b e = 0.9
() Since h(n)20 for n< 0 [eg. h(-2) = 0992 = 102 0].the
. HHE System is non-causal.

= 4" u(2-n)
shown in Fig. P2.19 1.

Example 2,19 Repeat example 2.17 for h(n)
Solution :  The plotof h(n) is

i 1
Jﬁ‘ﬁ (n)
1
1
0.25
f ,O.NQS
32 4 0T Fig. PR.19.4

&
&
sy 3
L4

Bet i
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S I <

=0

o0 ! ______, 2<®
Y, 104 =77
k=0

is stable.
Therefore the system 1s

for n < (),
f h(n) =0
ime LTI system is causal, onl)]m e g T
(b) Adiscr(:(tc)'ﬂm(c‘/)n u(n) =0 for n <0, the sy
Since h(n) = (2

Solution :

2 (9] = Z 1(099)¥]

k=-o k=-3
Putm=k+3 then,

Z 10.99% = Z |(0.99)3

k=3 m=()

= Ex,
= 099 37 |0.99ym|

m=()

Sol

=099y __1__
059 1-0.99
= 103.06 < o

“ The system i stable,

(b) Since h(n)=( forn<q [eg., h(-2)

— -2 B 4C:’;5r
=0.992 - 1.02 % 0],the SpE ,5_:1-0‘”//
Example 2 19 Repeat CXample 2 17 for h( n) =
Solutioy .

4 U(2-n
The plog of h(n) ; )

w
64
l i h(n)

Exg,,
4

SOIut

Fig. P2.19-!

m
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) Z Ih(k)] = Z | (4]

k=-= k=-w
= Z |44
k=-2
Putl=k+2 then,
xn 7 8]
20 14 = 3 40
k=-2 I=0
q:.
=1 2
l() I=0
= x

- The system is unstable,

(b) Since h(n) 20 for n < 0, the system is non-causal,

Example 2.20 Repeat example 2.17 for h(n) = n('42)" u(n).
Selution -
an

Z Ih(k)| Z [k ()"

]

k= .o k=)
o)
¥l
A [ 2 : na” ‘:(—I'*T_, al < 1]
- T 2=
= Q< w

" System s stable.

) Since h(n) = 0 for n<0, the system 1s causal,
\_

E"“lpk 221 A cnmmmm.s-fm!'it‘ LT1 system s represented by the impulse response,
h(t) = e ™ uft-1)

Determine whether it s (a) stable (b) causal

S""‘"Ou: (a) We know that 3 continuous-time LTI system 1s stable only if its impulse
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o
. IIhU)Ide
=00
N o0
N - - dt
i (A
i ] o0
B C-}r
=,
" = c—}j < oo,
~. The system is stable. . ;
: : - =1,
(b) A continuous-time LTI system is causal if h(t) = ( fort
Since the given h(t) = 0 for t<0, the system is causal.
Example 2.22 Repeat example 2.21 for,
h(t) = ¢ u(t+100)
Solution ;
20 W
(a) JI“(T)I dt = Ilc‘rldt
=20 -100
s
e'T
-
_ o 100
= 2.69% 109 < o
. The system is stablc.
(b) Since h(t) # 0 for t<0), the system is non-causal,
Example 2.23 Repeat ¢xample 2.21 for, "

h(t) = ¢ u(-1-t)
The plot of h(t)

Solution : 1s shown ip, Fig. P2.23 1
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& -1
(.’l) J‘“)(‘L)l dtr = J‘ lCtl dr
-0 -0
-1
= gt
-0
=g < o
-, the system is stable.
(b) Since h(t) # 0 for £<0, the system is non-causal.
Example 2.24 Repeat example 2.21 for,
h(t) = e
Solution :  The plot of h(t) is shown in Fig. P2.24.1.
h(t)____e-dlﬂ
/ 1\
4.--.-’/ \---!.n..
t
0
Fig. P2.24.1
0 0 o0
(a) f“l(‘t)f dr = J.lc“l dr + J‘lc'“ld‘f
-0 -0 0
0 )
Rh -4t
4 -0 i 0
i 1
= b i
p :
:.—.:r...\; oo}

- the system is stablc.

fL » - - .
b} Sinee hit) # 0 for t<0, the system s non-causal.
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“the impulse respore
onse h(t) in terms of the impulse respong,
<l i Ise respons . p2.95
- . overall impu ‘ 1 Fiee P2.25.
i o o nld [hl: -vstem for the sysec shown 1n 1§
each subsy .

L

(1,00 |

T

hy(t) F——>y(t)

.\'(t) hz([)

h,(t)

Fig. P2.25

Solution :

h(t) = {[hy(t) = hy(v)] - [hy(t) + hy(t)]} = hs(t)

Example 2.26 Repeat example 2.25 for the system shown below in Fig, P2.26.

+
x(1) h,(t) = > hy(1) - hy(t) —> y(t)
+
I h(o
Fig. P2.926

Solution -

h(t) = [8(t) - hy(t) +]12(t)] * hy(t) = hy(t)

Example 2.27 [ hy(t), h,(v), hs(t) and hy(

: t) be the ; .
Draw  the 'Nterconnection of ste f"lpuls.L resPonses of [T Systciy:
'mpulse response. YSEms require 1o obtain the overall

Solutioy - AU hy(t) +{hl’(t) + ll‘x(t)}

* 114(0




L

My
o 1se h(t) N terms of the impulse FeSpong, of
all impulse respor® in Fig P2.25
Example 2.25 Find the overd - the system shown
o cach subsystem ol
i
""’__Elg_)_J
>y(t)
x(t) > llz(t)
Ih,(t)
Fig. P2.25
Solution : ‘
h(t) = {{hy(t) « hy(1)] - [ha(t) + hy(t)]} = hs(t)
Example 2.26 Repeat example 2.25 for the system shown below in Fig, P2.26.
x(t
9 > () —s y)
Fig. P2.26
Solution :
h(t) = .
(t) = [3(t) hy(t) +hy(6)) » hy(t) « hy(t
Example 2.2 :
o EttT\l:/l(:l) 120 ) ang hy(t) be the impy] L
$ 1¢ Y . 2 Y -
impulse r;;g::;fonnccnon of 5ys Pulse 'esponses of [T] systellk

Cms peery.:
'equired O obtain the

* hy(1)) hy(t)

] overdl
Solution ; )= hy(t) +“‘12(t)
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sl 228 Repeatexample 2.27 to obuain the overall
h € .

E h(t) = hy(t) * {h,y(t) + hy(t) + hy(

MMpulse response,
0}

y{utl}ﬂ' ; SN

a(t)— hy(t) > (1) +

[ y(t)

Fig. P2.28.1

—

Eumple 2.29 Repeat example 2.27 to obtain the overall impulse response,

h(t) = hy(t) = hy(t) + hy(t) = hy(t)

Solution :
> I, (0) > h,(t)
| +
i y(©)
h,(t) h,(t)
Fig. P2.29.1

Ex"mpfc 2.30 For the impulse response given below detcrmine whether the correspond-
ing system is (i) memoryless (i1) causal (i) stable.
h(n) = 2u(n) - 2u(n-1)
WMion: ) A discrete-time LTI system is memoryless if h(n) = 0 for ns0,

The plot of h(n) is shown in Fig. P2.30.1.

h(n)

St

Fig. P2.30.1

Since h(n) = 0 for n#0, the system is miemoryless.




e

5 sal.
1y dmce i{n} = U tor n < U, the systcm 1s Cau
() We have  h(n) = 2u(n) - 2u(n-1) = 25(n)

XL

w20 b)) =2<=

=00

2, ' \
Example 2 31 Repeat example 2.30 for h(n) = > u(n-1)
#() Since h(n) 0 for n«0

. the system is not memoryless.
(ii) Since h(n) =

0 for n <0, the system is causal,
0 x
G 2. 27 g =S en

k=-05 k:

v o}
=2 @
k=1
= [ e?> 1]
. The System is not stable.
Example 3 3, Repear “Xample 2.30 for,
h(n) = 8(n) + sin(nn)
Solution - We have h(n) = 8(n) + sin(nr)
- b = 3y [ sin(amy <
(i) Since h(n) =0 for py *0, the syster, 'S Memoryless
ince h(n) = ‘
i i cc; (ny =0 forn < 0, the Syste IS Causg]
G = 27 Ihgg) = 1 <
k=
The syseery 1S stab]e

Example 2.33 W
h(t) =

- 4__-/
C()ntmu() s ] .
38(t) S me system, having impulse respors
Solution (1) Since h(t)=q for tx
.o A ] thc t e
(Il) Sch h([);—_-O f()l' t < Lssys €m |.S mcmorylcss
o« ! ystcm IS Cal.lsal_
(ii1) J Ih(t)| dy = 3.
-0

"+ The System i Stable,



in gepresemations for LTI Systemg
poma
rine .
2,34 Repeat example 2.33 for.
h(t) = ¢* u(t-1)

185

B’wmpk

(i) Since h(t)#0 for t£0 ;the system is not memoryless

tiot ¢
Sol¥ (ii) Since h(t) = 0 for t < 0 ; the System is causal.

;00 o0
(i) jlh(r)l drv = jlez’ldr
-0 |

5 [v 6]
-
2

1
=

~. The system is unstable.

’-—-7

Eumple 2.35 Find the step response for the LTI system represented by the impulse
responsc  h(n) = (%5)" u(n)

Solution :  For a discrete-time LTI system with impulse response h(n), the step response

s(n) is given by,
n
s(n) = > h(k)
k=-m»

Fé)r:1<0 vs(n) =0

n
Forn20 ts(n) = > (%)
k=0

. 1/ n+l
s(n) = . :/22
=2[1-(%)ll+l] ;]]20

—_ S = 2[1-(%2)"*"] u(n)
Evampk 238 Bl thy N

(3) x(n) * 8(n) = x(n)

(b) x(n) * §(n-n,) = x(n-n,)

n
(€) x(n)=*u(n) = z x(k)

k=-—0
@ x(n) *u(n-n,) = 2 *(K)
k=—0
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Solution : >

1 Vi

k==w

v 8]

(a) s x(n) » 8(n) = Z x(k) 8(n-k)

k=—w0
[using sifting property]
. A.(]\) l k=n
= x(n)

awn

(b) x(n) # §(n-n) = Z x(k) 6(n-n ~k)

k=—0o

= x(k) l AT [using sifting property]

= x(n-nu)

@
() x(n) # u(n) Z" u(n—-k (P2.36.1)

k=—w
We have u(n-k) = 1
=
Substltutmg ¢qn. P2.36.2 in eqn.,

s when n-k > ) ie., k<n

s when n_k <) iLe, k>n e (P2.362)
P2.36.1 we get,

n

S x(n) = u(n) = 2 x(k)
k=—c¢
7’0}
(d) x(n) = u(n-ﬂn) = Z x(k) u(n—n k) , (PZ..% 3)
k-._..‘co e R T e E Al
We have Ny~k) = s When k20 e g <n-n 4)
ok vhen n l'l(.-k‘(() Le., k>n-—n ..... (szﬁ
Subsntuting “4n. P2364 ;. ¢q
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coample 237 Show that, e
(a) x(t) » S(t) = x(t)
(©) () * 8(t1,) = sy
t
(€} x(t) *u(r) = Jx'(T) L
[h—tﬂ
(d) x(t) L U(t—t“) = J.x(.r)dr
Solution :  We have,
je 8]
x(t) * (h(t) = Jx(“c) h(t-1) dt
-0
[vel
(a) x(t) = 8(t) = J‘.\'(r) S(t—1)drt
= x(1) ' i [using sifting property]
= x(t)
oD
(b)  x(t) = 8(t-t,) = jx(t) S(t—t,~t)dt
-0
= x(1) l e [using sifting property]
= x(t-t,)
os)
(C) .\’([) - Ll(t) o J.'\.(T) u(t__-r)d'[ ..... (1)2371)
-0
We know that u(t-1) = 1 -when t-120 1e, TSt
s 0 . thn t—1< 0 i.c., T2E 0l e (P237.2)
Suhstituting eqn. P2.37.2 in eqn. P2.37.1 we get,
t
x(t) * u(t) = J‘A‘(T)
-2
oc

_('d? x(t) # u(e-t,) = Ix(t) u(t—t,~1)d?

—o0

(P2.37.3)
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. when =412 0 ie., TS+,

We know that u(t-t~0) = : ottt <0 e T2ty o (p2.37.4)

=0 - th
Substituting cqn. P2.37.4 in cqn. P2.37.3 we get,
B
x(t) * u(t-t,) = Ix(t) dr

-0

——

Example 2.38 Find and sketch the step response for the LTI system characterized by the

impulse response h(n) = 5(n) - 8(n-1)

Solution : h(n)

n

"i Fig. P2.38.1

The step response s(n) is given by the running sum of the impulse response. The step
response 1s plotted in Fig. P2.38.2 below.

s() = 8(n)
L 1
BN T e v iy n
Fig. P2.38.2
. s(n) = B(n). .
Example 239 Repeat example 238 for g
hin) = u(n)
Solution:  The plot of h
bty (1) and s(n) are shown in Fig. P239.1 and Fig P’
hin) .
. s
pe?
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s(n) 16
. *5 i
ed
RN MR S U
2
VI
-4.’ -2 -2 -! t $ n
3 210 12 3 4 5 Fig. P2.39.2
~.s8(n) = (n+1) u(n).

Example 2.40 Evaluate the step response for the LTI system represented by the impulse

response

h(t) = tu(t)

Solution :  We know that the step response is given by,

t

s(t) = Ih('t) dt
-0
t
= I‘L‘ dt
-0
t
-5
T2
0
=-£-2 -t20
2
% o
.. The step response s(t) —-2-'U(t)
\
Ex‘""Ple 2.41 Repcat example 2.40 for,
h(t) = el
it
SO'utiOn: FOI‘ t < 0 ;S(t) e et dT.' = et
-0
0 £
For tz()' .s(t) = etdr + J‘e"dt
-0 0
=2- ¢!
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.t <00
() = ¢ e

Example 2.42 Evaluate the following Operations.
(@) (e u(0)] 5(:-2)

0

(b) '[c' ‘8(t-2)de

-5
(c) ¢ u(t) # 8(t-2)
Solution :
(1) Fromsampling property we have,
x(1) O(t-t,) = x(t,) 6(t-t )
Sfeu()] 8(e-2) = e u(2) &(t-2)

=c¢?. §(1-2)
‘b)  From sifting property, we have,
@“
[ECsr—
—n
an
IL O(t-2)dt = ¢ 2

() We have x(t) % 8(t-t ) = x(t-t,)

¢ ut) « O(1-2) = ot 2)

CInputyn
y(n) = x(n+ 1)+5x(n) - Tx(n-

(a) Find the impulse fesponse of the
(b) Also comment o the stability a
- n
Solution : Given y

System,

(n) = x(n+ ])'i'Sx(n) o
)

Eqn. P2.43 4 can be Writtey as, iy i S Ol L (P2.43.1)
y(n) = x(n)

* [O(n+ 1)1'.55(“)
Comparing eqn. P2

i 78(’1__ g%
: }’(l‘l) = x(yy
+36(n) - 75fn~ : C got,

A3.2 withy
h(n) = 6(n+1)
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fime
- h(n) = {1,5, <7 4) 161
4 T
Z [h(k)| = I+54744 = 9 ..
k=-c0 ¢

Cy ]"l‘ t] ill] 'lll.!( !(—-" ) ll ¢ IS ( y 3 1 ) t 1 )
| I | « (.. C Sy: e
(( ) l - y.\ cim 1S ‘rt-'! !l..
E"l(-‘. {1 o . CdllSa .

2.44 Evaluatc the fbl]owM——

pumple

a0

(a) ] (+ cosmt) §(t—1)de

(b) e 8(t)de

(©) J‘e"‘ 8(2t-2)dt

Sotion : (a) From sifting property we have,
Qa0

x(t) &(t—t,)dt = x(t,)

-0

oo

(*+cosmt) §(t-1)dt = (+cosnt) l,=| =0

—oC

(b) Also we have,

0

_[ x(t) 8(t)dt = x(0)
j etd(tyde=c| _ =1

(c) Given J‘c—' 8(2t=2)dt
- _m ’

00

= I e 8(2(t-1))dt

-

i (P2A4.1)
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. de=dm

Put t-1=m
-, From eqn. P2.44.1 we get,

&

= | ¢ 5(2m)dm

- f e (m)dm [ 8(at) = alﬁ(t) s @B 0]
2
0 3
wt, [L| ] [ j x(t) §(t)dt = x(O)]
2 15y =4} .
¢!
=27

Note:  Convolution property of two delayed unit impulse sequences is given by,
8(n~I) # 6(n-m) = d(n-I-m)

Example 2.45 Dctermine the convolution of two given sequences

x(n) = {1,2,3,4} and h(n) = {1,1,3,2}
Solution:  Given that ’ t

x(n) = {1,2,3,4} = (n+1) + 26(n) + 38(n-1) + 45(n-2)
h(n) = {1,1,3,2} = 6(n) + 8(n-1) + 36(n-2) + 28(n-3)
- x(m)#h(n) = [8(n+1) + 25(n) + 36(n-1) + 48(n-2)] « [6(n) + &(n-1) +
38(n-2) + 28(n-3)]
Using convolution property of two delayed unit impulse sequences we geb
*(n)#h(n) =8(n+1) + 5(n) + 38(n-1) + 28(n-2) + 28(n) + 28(n-1) +
68(n-2) + 48(n-3) + 35(n-1y + 38(n-2) + 98(n-3) *
65(n—4) + 48(n-2) + 45(n-3) + 128(n-4) + 85(n-5)
= 8+1) + 35(n) + 88(n1) + 158(n-2) + 175(n-3) +

“ Mn)ehin} = {1,3,8,15 17 {g 8} 188(n-4) + 85(1-5)
Rt ‘ :

24 DIFFERENTIAL | prrremoe—— i
LTI SYSTEMS / DIFFERENCE EQUATION REPRESENTATION FOF

This is another type of time
relationship between the input and

~-domain re : :
thcn::tn er;'-cscntanon for LT systems. It gives the
Putol LT systems. p ifferential equation is used
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i

present continuous-time  system whereas difference equation 15 used 1o represent
to  repLey”

discrete-tim
0.4.1 Differential equation representation for continuous-time LTI systems

The general form ot a hinear constant-coefficient differential cquation 15,

¢ systen.

N I~ M "
C (
2 ir“k I y(t) = 2 ibk py - 4 ) S (2.24)
k=0 k=0

where x(t) is the mput to the system and y(t) is the output of the system. The integer ‘N’
in eqn. 2.24 15 known as the order of the differential equation. The expression for the
m eq ] P

output y(t) (i.c., the solution) described by a differential cquation has 2 components.

() The natural response : This is the output duc to the initial conditions and is
denoted as y™ (t). It is also known as zero-input response.

(1) The forced response : This is duc to only the input and denoted as v (t). It is also
known as zero-state response.

The natural response is the system output with no input whereas the forced response
is the system output for zero initial conditions.

(i) The Natural Response : y™(t) [Zero-Input Response]

This is the output of the system with zero input. Therefore, the general form of a
linear constant-coefticient differential equation with x(t) = (0 becomes,

N .
d* :
24 Ty =0
k=0

L)

The differential equation with input equal to zero is known as homogeneous equation.
The natural response for a continuous time system is of the form,

-—

N
Y(") (t) = Z B o e R i Tt e (2.25)
i=1

where r; are the N roots of the characteristic equation given by,
N

Zakrk=0

k=0

Note - iy 1r. A : o : -
¢:() Ifany root I repeats 'm’ times, then we include ‘m’ distinet terms in the natural

response as below.

rit it o2 ot

R
G oy b gl @it

kd

(ii) The nature of each term in the natural response depends on the roots of the s
characteristic equation [i.c., ‘r/']. If r; are real, the natural response consists of
“Xponential terms. Imaginary roots results in sinusoidil terms and complex
roots leads to exponcntially damped sinusoids. S i



Exampiles

Uxample 2.46 Pind the natural response for the system: desenibed by the

dit}.&‘r\‘nn_:
cquation, h
5 410 y(0) = 2100 Ly(0)=3
t
Solution :  Given b-:-‘-ltx(t) B0 y(t) = 2x(t) L y(0)=3
1o find the natural response, we have to consider mput x(t)=0 (e, g
homogencous equation) '
s & oy P24,
dt
T T i " d t) &
1o obtain the characteristic cquation replace qa ot
< Fromeqn. P2.46.1, we get the characteristic cquation,
Sr+ 10 =0
Jore LD,
* The natural response (using cqn. 2.25)
PG . P2.462

Substituting y(0)=3 in cqn. P2.46.2 we get,
y(0)=3 = C.¢
S C=3,

S The natural response y"(t) = 3¢

ystem described by the differendal equaton.

Ly L4 dy) dx(v)
i o +._y(t)-x(t)+ 5

yo=0 , &O| _
dt t=0

Natural responsc is the solution of homogeneous e

2
FO 4390 45 2

dt

Example2.47 Find the zero input response of the s

Solution ;

x ; . =0}
quation [i.c., withx{(t)="

7+ Characteristic equation is,
P+ 3r+2=

. The roots of characteristic cquation are,
rl = "1 4 r2 = .)

Since both roots are real, the natural response is of the form
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y*(e) = Cie 4 e
YU = Cret + Cpe
gy T g P2.47.1
T TG P2.47.2
Puty(0) = 0 ineqn. P2.47.1 we get,
0=C,+C,
ayi) | S T N S R R I P2.47.3
PtgL-Fn=Nm=mmmmawzm%m
I=-C,-2G, L P2.47.4
Solving eqn. P2.47.3, and P2.47 4 we get,
Cp=-1
e Cy= 1

. The natural response is,
y(u) (t) =t C—_’l

Example 2.48 Solve the following homogencous differential cquation with the specified

initial conditions.
Py () | 4dy(t)
+ 3 + 2y(t
de? dt 2y =
with y(0)=0 1y'(0)=

Solution: The solution of a homogencous differential equation is nothing but the
natural response. (i.c., response due to initial conditions). Since all the initial

conditions are zcro, the natural response is zero.

e, y"™(®)=0 (ie.,systemisat rest).

e ———
Exampfe249 Solve the following homogencous differential cquation with the imtal

conditions specificd.

Ey() 4 240 1y =

de dt
withy(@)=1 ;y'(0)=

lution Given :
d Y(t) i 3 QrdY(t) + y(t) =0
de’ dt
<. Characteristic equation.
r+2r+1=0
(r+1)2=0
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r|=—-] and Tz-':—] I R ;:r-.!:_]
Since the roots are repeated and both the roots are real, the natural response
of the form,

y*"(t) = Cie"' + C, e

YO =Ce*+Ce* e P249,]
dyf”’t - -th,, + (:j[_[c-( s L_-cl ..... P2‘49.2
dt” '
Put y(0)=11negn. P2.49.1 we get,
Puty'(0)=11in eqn. P2.49.2 we get,
1 ::--('fz +C., P2494
Solving eqn. P2 493 and P2.49.4 we get.
C,=2

. The natural response 1s,
Y1) = e + 2t

Example 2.50 Dctermune the natural response for the system described by the following

difference cquation,

dz){(‘} + 4y(1) = \‘J{‘}

o ¥ m——

de dt

with y(()=-1, d___',-{!) =1

de =0
Solution:  Homogrneous equation,
2
'Z.‘....!..“.Q +4y(t) =0
dr

Charactersue eguanon,
F+d=(

Sorm a2

B

yﬁ’"(t} = (:; Cf}Ql # (:" !l“.?.t P’) 501
dy|'!;(') ----- Lz
t

T = 2C s + ¢ wos2t

s T i en PR S T L T g p2'50'2
Y0 =11y ‘0. P250.1 Wy get
1=, ’ ’
..... p2.50
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dy(t) |
i dt

=yv() =11, cqn. P2 50

=0 ;
W “L:(’[.

N Cy=h
2 Ciy=-land Cy=1

. The natural response is

((y) =
S o m L
y"(t) cos2t + 5 sin2¢

/—f ,
pltz-ﬂ Find the natural response for the syst |
system described by diff '
ifterential equation

YO 4 50 | () - vy

de dt ’ dt

with y(0) = 1, dy (1) =4
d[ =0

Solution :  Homogencous equation,
d? /()
_g;ﬁ—‘-’ + ?-d(’h(” +2y(0) =0
2 Charactenisuc equanon 1s,
rF+2r+2=0
r=-111
sorg=-1+j1 & r; = -1l
ated and complex, the natural response is of the form,

Since the roots are non-repe

#e) = c* {C, cos(1.) + Cosin(1)} e P251.1
-(-i-;—@ =¢* {-C,sint + C;cos ¢} -e*{C,cost + 011 ¢ SR P2.51.2
Puty(0)=1 in eqn. P2.51.1 we get,
| 1 =C,
v -Pm& = y'(0)=0mcqn. p2.51.2 we get,
dt 1=0
0=C,-C,
‘ C‘E = ]
 The natural reSponse 18,
7’ , yi(t) = e {cost + sint} it
h’%d Response : y®(t) [Zero-State Response] R
' ion for the_g:’vcn e

solution of the differential equati

i €S t = th(.
g PO ! Y ( ) 1 Ornp( )nellts.

! tial conditions are zero. It has two ¢
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,{!I.‘(‘t)
AN ll\.\‘(‘ \ 5
: qeural respo L

p the natuh

resembling

1) a term . A
@ tagion YR

(i) particular 50

X 1
: jution for the &
The particular so

has the same form as the mput.
fthe 1 is a{t) = A
., If the mput s it il
- form y¥)(1) = Ke™ Table 2.1
1 nputs.
ing to several common mput oty
Sagsﬁcs the differential equation ot the systeni.

Input : x(¢) Particular solution : y(t)

A (constant) K

Ac™ Ke™

A cos(wt+9) K, cosot + K, sinwot Table 2.1

Note :When the input has the form of one of the components in the natural respons,
then we must write a particular solution that js independent of all terms in the
natural response. For example, if the natural response consists the term ¢ and
then for the input xX(t) = ¢™ the particular solution is of the form y®() = K ¢

Examples \\_

Example 2.52  Determine the forced response for the system given by,
dy(t
5 _d{LI +10y(0 = 2x(y
with inpug x(t)y =2 u(t)

on : Given - 5 9y(t
Solution : Given: 3 —é"tL)+ 10y(t) = 2x(r)

o5 e hag L i .
natural response (ii) particular SO]utinny s2terms - () a term resembling the

Y(‘)(t) = y{n)(t) + y(p)(t)
Characteristic Cquation,
Sr+10=()
r=.2

Y = e

.....

b}
: Y )=k
Sllbstl(ltting Qqn‘ st') 3 in P? 52"

¢ obtained by assuming the sysiey, Oty

hen we assume that the particular solution jg of t |
: % 3 1 > 1 VPP i
el « the form of a particular solution cor CSpopg.
aive : o .
“The constants ‘K are determined such thy yl Wy
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| Tde TIR=20 = 90,
0+ 10K = 4y
: 10K = 4(1)
K=
- Forced Response vi(1) = e 4 2,
For finding forced response we assume minial conditions are szz'-‘
e BT s S are zero. re., y(0)=0
0=Cec"+ %
C=23;
YN =Fsex+ 2
Forced Response : v(1) = s (1™ ;20

Zapmgle 253 Find the zero-state response for the system given by,
5+ 10409 = 2400

with input x(t) = e™ u(t)

Sitive : Given - 5ﬂ3‘$_‘)+ 10y(t) = 2x(1) P2.53.1

¥ =y +¥70)
Characterisuc equation,
5r+10=10
r=-2
Ly =Ce® P2.53.2
Since x(t) = ¢ u(t), particular solution is of the form,
yP(r) = Ke™
Substituting eqn. P2.53.3 in cqn. P2.53.1 we get,
SKet+ 10Kt =2.¢"
5K + 10K =2
K=%
- vy = Ce2+ e
Assume inirial cy:mfi?tion y(0)=0. From ¢qn- P2.53.4 we get,
0=C+7%
S C=5
- Forced Response : y™(1) = /5 (¢7 - c?)
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9 d:\{ﬂ + N = .\'(t)
Fuampie 254 Sobe Y+ 30 =

where  x{t) = cos¥&t
Solusion : Given : i‘ﬁ.‘) + 9y(1) = x{1)

y‘“m YUO+¥)
Characterisuc equation —+9=0

2. 1= 33 (tmaginary roots)

Sy = Cieosdt+Cosinde L P2547
Since x(t) = cosét, the paracular solution is of the form

v =K, cosde+ K, sinde
Substituting eqn. P2.5343 in ogn. P2.34.1 we gct,

'éit; [K, cosdt + K, sindt] + 9JK, cosdt + K; sindt] = cosdt
- 16K, cos4t - 16K, sinds + 9K, cosdt + 9K, sindt = cosdt
- 7K, cosdt - 7K, sindt = cos4t
Comparing LHS and RHS we get,
-7K;=1 S K=
-7K,=0 & ¥=D
i ‘ym(t) =C, cos3t + Cisin3t - %4 cosde
Put initial condition ¥{0) =0 and L‘d_‘t(_‘) ,
Fromegn. P254 4 we get,
0=C,-'%r .-~C =%

e P2544

1=
0=23C, S G=0
- The forced response is.
=¥ = "5 cos 3¢ - '~ cosde
Vi) = 1 [cos3t - cosds]
M
Example 2.55 Find the forced response for the syszem described by
di) |, . d )
dr( ) 4 o Mo 7({) + Oyit) = 2x(r) + d*(f)
with input x(t) = 2™ uf i3]

Solution : Groen d"'v(t) . deft‘

ber' 4.1) 408 i dx{r
e 5 Sy{n) 2t + ..d__t_?_ ______ p2.35
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0 = Y0 +y(
Characteristic equation r?+5r+6=()
Sh=-3andr, = 22
Y(")(t) & Cit‘-"l o e
since X(8) = 2¢™ u(t), the particular solution is of the form
y(l’)(t) =Ke"
Substituting eqr. P2,55.3 in eqn. P2.55.1 we get,

g d
‘d“t'i(KC ) + 5&'(Kc“) + 6.Ke™ = 4ot - et

Ke™ - 5Ke™ + 6Ke™ = 20
2Ke™ = 2
K=1
Sy = Ce™ + Coe 4 ¢

Assume initial conditions arc zero i.c., y(0)=0 ;dL(t) =(

de | =0
From cqn. P2.55.4 we get,

" 0=C+Cy+1
0 = -3C,-2C5-1
Solving, we get C,=1 and C,= -2
The forced response is,
yO() = e -2 + ¢

—————

171

Sﬂfi!l[(m GIV(.I] dd (t) T e ) dY(t) + 2y(t) = .X(t) + —

YO 4 30 15y =500 + G

dt*
with input x(t) = 5 U(t)

dx(t)

yO(e) = y‘"’(c)+y‘”(t>
Characteristic equation r’+3r+2=0
.1, =-landr; = -2
y(")(t) = C,et+ Cpe™
Since x(t) = 5 u(t), the paltlcular solution is of the form,
Y =
S“bStituting eqn. P2.56.3 in egn. P2.56.1 we g¢h

d? d — 540
LIk LK) + 2K =5+
dtz[ ]+3dt[ ]

.......

Etample 2.56 Find the forced response for tl'le system given by the differential cquation

P2.56.3
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0+0+2K=5
K=7

Sy =Cet+ Ce 2+ L P25
Assuming nitial conditions are zero [1.c., y(0)=0 & vy (0) = 0]
From eqn. P2.56.4 we get,

5 0=C+Cy+

= C,-2C,

s SOlViﬂg, we gCt C;Z-S and C2=5/2

Sy =5t 4 e + s = (1 + e 26

Example 2.57  Find the forced response for the system given by,
dd (© + 23—1’(0 + y(t) =%t-) with input x{t) = 2¢™ u(t)

ion : Given: Y0 4 5 dy(®) = dx(v
Solution : Given - -?R_%—— + 2 n + y(t) at

(0 = y"(e) +yPy)
Characteristic equation r242r+ 1 =0

(12 =9

Ty =13 =-1(Repeated roots)
SoyO() = Cie™* + Cytet

Solving, we get K=_1

'.'ym(t) = Cret + Cste™

- e p2.574
Assuming ZC10 initig] conditions, [j.¢, Y(0)=0 & y'(0) =0
From “qn. P2.57.4 we get -

L0=c,

€Sponge is,

y(f)(t) = -12 c'l *

" The fbrced r
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s
. complete Response : y(t)

174

(i e mplete response ov the toral response

of illL‘ SVt 4
- . Ay ae \
4 the forced response i, 7Eiem s

. LG 1o determine
al conditions and the dnput into congi

e Sosuin ol the natural
the complete rey)
t‘l'illinll.

rc'S}n‘“"L‘ s
ntl
e

ot i

Ewmplfz~53 Find the output of the system given by the differential equation
.d_-XQ + SM + 4y(t) . d.\'!t!
de* dt dt
S . dy(y) " ,
VO =00 =5 ] L= and X = ety
. d?y(t) dy(t) d x(t)
ot ¢ SR AN i The? S04 Ht) =0 g
ltion : Given © —5 - o i O To% s OF A e P2.58.1

y(t) =yt + y(e)
Characteristic equation r*+ 5r + 4 = 0

Srnp=-4 and r,=-1

Ly S C eyt | D s T e P2.58.2
Since x(t) = 2¢7 u(t), the particular solution is of the form,
v =K e P2.58.3

Substituting eqn. P2.58.3 in cqn. P2.58.1 we get,
B[R] g d [Ke™ gy ge2 = 20

dt2 dt
4 Ke2 - 10 Ke? + 4 Ko = -2¢
& e P2.58.4
".y(t) - Clc--ll + Czc't + ¢ -t . l 5
& 0 t =
Initial conditions. y(0)=0 '*d)(/ [) =0 |
From cqn. P2.58.4 we get,
- £ 0=C +Cy+1
1= —4C| & CZ -2

Sulving we get,
C,=-Yand C, = -/
“ The complete response 18,
y(t) = st taet + £
7 Ly = ey e+ ),




Example 2.59 Find the ol e

. d ‘L i < P? ‘)'),'
Solution : Given ‘_‘l}é‘l +3 -d)-‘U £ 2v(0) = 2x(1)

Oignaty 4 ,{,?“‘"
e |

ponse of the systeim given by,

d"\»‘tg % yviy 2y(t) = 2x(0)
av | ‘T;

| Bl w 1 w(1) = costu(t)
with y(0) = -1 Ld)t—u L_" P oand

y() = y"(0) +y" ()
Charactenistic equation : 1° + 3r + 2 = 0

S =<2 and 1y = -1

y(u)(t) = Clc-.."l + C:c-l ...... st‘jj
Since x(t) = cos tu(t), the particular solution 1s of the torm,
YO =Kcost+ Kysine P2.593

Substituting eqn. P2.59.3 in cqn. P2.59.1 we get,
Kl [K cost+K,sint] " 3_d_[l(,cost+l(35iut]
de? dt

- Kycost - Kysint - 3K sint + TKycost + 2K cost + 2K,sint = 2 cost
{K;+3K,) cost + (K,-3K,) sint = 2 cost
Comparing LHS and RHS we get,
Ki+3K, =2
& K;-3K, =0
Solving we get, K, = s and K, =Y
YO =Cie® + Cpet 4 1y,

+ 2 [K,cost+ Kysint] = 2 cost

cost+ Yssine p2 594

Initial conditions, y(O)=-1 . dy(t)

From eqn. P2.59 4 e get,

120 40,4 1

1 = "2C; - Cz + "/5
Solving we ger,

Cr=¥%and €, m 9
- The response is,

Y() = Y502 9.

+ s CONt o Y
y(t) = sy [cost 4 3 W+ sim

SN dedt 10c
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4, 2.60 Obtamn the response of the -
E i 1y DRI} IFUITERY by

d-"”-;” + y(t) = 3 )
des V.
it
4 e
withy(0) = -1 ;22U = vl
dt 11=1) Y ) ! '”"i'\'(i) = Jpt H(I)
d?‘.'f(t) l.‘(!a

w: Given — + y(t) = 352
de dA ’2.60.1
y(t) = y"(1)+ vy

Ch;r;:lrl".'rISfiL' t".lu.ﬂu)!‘. 1 4 | ()
1 R l
. LAn) -
i =) (‘) - (w‘-‘“t t Sl 122 0.2
: ” Yl ' : A
Smcr J(l) = AC wu(t). the Partic ular solution ot the form,
'_”1 \ - 1
yoa) =Ket- L S P2.60.3

Suhsmmm»;_ cgn P2603 meqn P2 01 we v,

§
d:“{'l]*'ﬂ.k' 6!
de
2Ke ' = - !
K= -3
“,'”) e ( i] Sk BT sint=30% 2000000 e 12 60.4

= : .!.'. t , -
$ilr Ininal conditions arce, y(U)=-1 ) dy (¢! = y'(0)= I
o ) dt =0
i Froann, P2 6.4 we pot,
S N SR C, =2

1aC,¢3) ¢

¢ . ‘r‘l' rt‘pﬂﬂw,
V(t) - n. corsd - ? it - ‘\‘ '
Le.,  y(t) = 2(cost- amt) A
equation representation for discrete-time LTI systems
feneral form of a lincar constnt ocflicient diffcrence equation 1s,
N M
2 > 2.2
v a y(n-k) = S b, «(u k) RO 7
b= f - O
iy the outpot of the system. The

wtion. The expression for

M8 is the inpar to the syste and YU

.a 5 4 < - Ak ETRT C O
Q"L 22& i known as the ondri of tik {sftecrencd it

8 A )
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: ¢ equation) of a system described by
h t y(n) (i.c.. the solution of the difference cquation) ¥ )
the outpu €.

difference equation has 2 components.

; . » imitial conditions
(i) The natural response : This is the output associated with the mit ing
i e natu -

dCll()t(’(l as y § T = 1 ]('Sl)()nSC.
¢ (")(n)- It is :llSO knOWH 4as Iero ”lp’ (')
! p notea as y (n)
1S 1 2 l h b} Lt .lnd d( 10t [ :
i . l 151 A ] 8] 1 O Ol Y
(") Ihefou.'cd ’ewonsc . l 115 15 Outp t (h ¢ to 1 the 1

' | ‘hereas the forced respon
The natural response is the system output with no input wherea ponse
15 the system output for zero inital condinons.

(i) The Natural Response : y"(n) [Zero-Input Response]

This 1s the output of the system with zero input. Therefore  the general form of
hnear constant-coetlicient difference cquation with x(1n) = 0 becomes,

N
2 l, ay(n-k) =0
k=0
| The difference equation with mput cqual to zero is known as homogencous
|

equation.

The natgral response for a discrete-time Syste

N
o= 2

=]

ms of the form.,

where 1's are the N roots of the characteristic cquation given by,

N

Za; rt=(

k=0)

Note ; [Fany root r, repeats °p’ times, then we mclude *
| response as below,

P distiner terms in the natural

honed, o B iy P

1
r;

Examples ‘\ 3
Example 2,61 Fing the

’ ()
y(n) - 16 vin-2y = x(n-1)

with y(-1) = 1 and y(-2) = _4
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: system described by
. . ation) of a sys ,
he solution of the difference cquat )
) (i.c., the
the output y(n) (i.c.,

; onents.
difference equation has 2 comp

5 . . -

1 . . 5
« . '.l zZC !’l LI{ lcspo
( L‘ : & l b l (, <L =

: ) 0y .
his is output due to only the input and denoted as y (n),
i se : This 1s ou
it) The forced respon
( It 15 also known as zero-state response.

i ' ~reas the forced response
41 | response is the system output with no input whe
1¢ natural re the sy: utpu
1s the system output for zero initial conditions.

- : se
() The Natural Response : y™(n) [Zero-Input Response] 5 F
' : orm o
This is the output of the system with zero input. Therefore tI:c genera P
lincar constant-cocfficient difference cquation with x(n) = 0 becomes,
N

Z y (n-k) = 0

k=0

The difference e

quation with input equal to ze
equation. /

ro is known as homogencons

The natgral response for 5 discrete-time syste

N
Y(")(l‘l) = Z C, r;"
=1

the N roots of the

mis of the form.

3

i

» Al i » ; 1 1 1
where 1s are characterigtic ¢quation given by,

N
Z a rk = 0
k=0

{ » Ccs t]Cl] WC lllC] e 0 38 I 1 I 1
ol S l ‘l . ] p dlStlnCt tC l]lS 1n thC 1< 1 I
n 2 p- n
l‘ y llli} ]1 1,”) v n I]"

Example 2.41 Find the

Natural peg ons :
difference Cquation bonse for the System describeq by the following
9
y(n) - g Y(n-2) = x(n-1)
with y(-

1) =1and ¥(-2) = _;




&
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s

i
Solution : TO solve a N™ order difference equation, we need *N* injtial conditions, TI']L
given system is of order of 2 and 2 inital conditions y(-1) and y(-2) are

d
given. To find the natural response we have to consider input x(n) = () (get
homo-gencous equation). , :
9
/ y(n) ~Ey(n—2) QTR R SRR E s P2.61.1
e To obtain the characteristic equation replace y(n-k) = r
. From eqn. P2.61.1, we get the characteristic cquation,
9
Pl i
B
4 S P=TY
e, =% and'r,'=-%
.. The natural response is of the form (using eqn. 2.27)
ym) = C, (r))" + Cy(ry)"
: ¥l = G el Y S Y o P2.612
3
From eqn. P2.61.1,
y(n) = % A M M NI R P2.613
Using eqn. P2.61.2, eqn. 2.61.3 and the initial conditions we get,
y(0) -——-y( ) 1= (-‘l) =C+G,
Y1) =2 y(-) =)= C,- ¢,
16 4
Solving we get, C, 3?,’) and C,= 322]
| .. The natural response is,
i
3 3)" 21 ( 3)" :
(n) m— ] - — | -— 5 > 0
e (4 i)t
e ————
Example 2.62 Find the natural response of the System described by difference equation,
: ~y(n) - Ysy(n-1) - Ysy(n-2) = x(n)+x(n-1)
with y( 1) 0 :md y(-2) =1
2

Solutiop . ' Homogeneous cquation is,
y(n) - Yay(n-1) - Vs y(n-2) = 0 s, P262:4
-+ Characteristic equation is,
Letart-lari=0
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2= Yar- s =0
=12 and 17
_rcpeatcd and real.

is of the form,

= -1/4

The roots are non

. The natural response
y(n) = C, ()" + C2 (-'14)"
From cqn. P2.62.1 we get,
y(n) = Yay(n-1) + Vayn-2) 6
Using eqn. P2.62.2, eqn. P2 62.3 and the initial conditions we g;et.
y(0) = Vay(-1) + Ysy(-2) = "1+(0) + g(1) = fs= C+Cy
y(1) = sy(0) + '/3y(-1) = Ya (Vfs) + '/8(0) = ’_/32 =1 C- G,
Solving we get, C; = V12 and C, ="/
. The natural response 1s,

v(n) = Vi ()" + s (V4" in20

e

Example 2.63 Find the zero-input response of the system described by the homogeneous
difference equation,

y(n) - 3y(n-1) - 4y(n-2) = 0
with initial conditions y(-1) =5 and y(-2) =0
Solution : Homogencous cquation is,
y(n) - 3y(n-1) - 4y(n-2) = 0
.". Characteristic equation is,
1-3rl-4r2=90
?-3r-4=10

Snp=-landr,=4

.......

The roots are non-repeated and rc.al. . The natural response is of the form,
y™(n) = C,(-1)" + C, (4)" 02,632
Fromegn. P2.63.1 weget,
i ol B p2.633
Using eqn. P2.63.2, eqn. 2.63.3 and the initial conditionsmest
¥(0) =3y(-1) + 4y(-2) = 3(5) + 4(0) = 15 = c,g-et-’c,

y(1) = 3y(0) + dy(-1) = 3(15)
. £, + 4(5) = |
Solvingwe get C, = -1and C, = 16 (5) _135 C".;+4C3

.. The natural response is,
Y n) = (-1) (-1)" + 16(4)"

T _
Sy (n)_ -1+ a+2
D" 4 (g fka

4_
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Find the zero-input response for the system described by the difference
(Tquafl‘l”s

y(n) + i-% (n-2) = x(n-1)

Fample 264

with initial conditions y(<1) = | and y(<2) = -]
Solution : Homogencous cquation is,
! R |
y(n) ‘f*l-?y(n-?.) 3 . P2.64.1
)
. Characteristic equation s,

| 4+2r2m

9
® ot
r 16 ¢

r=+)%
Sonp=jYiandr, = < Y4

The roots are non-repeated and imaginary. .". The natural response is of the form,

yW(n) = C,%)" + Cylj%)" P2.64.2
From cqn. P2.64.1 we get,
y(n) =-I—z ym-2 P2.64.3

Using eqn. P2.64.2, eqn. 2.64.3 and the initial conditions we get,

-

9 5 9 9 g
i al) B (- B e = +
YO0) =2 ¥(-2) = T () =2 = C 4G,
—'-9 - =:2 =-_9=.:_5. ..'.:.5.
y(1) =52 y(-1) TARAET: 76 176
. . 9 .3 ’ 9 .3
S’ L — - ;) e v fume
olving, C, 32-l- ;—-8 and C, » '_8

< The natural response is,
- R+ ()
7o =g i) gl + 505 ) s

Example 2.45 Solve the homogencous difference cquation,
y(n) + y(n-1) + Y% y(n-2) =0
with y(-1) = -1 and y(-2) = |

on Humogcncous cquanon 1s,

y(n) + y(n-1) + %% y(n-2) =0 P2.65.1

......




U aracteristie et i,
| ll||i"r|'>—”
el

Y “' _"
L) | R A
.'¢ ” - '—“'BJ b'”d '] 2

o atural response is of the f;
The voats are non-repeated and t‘””'l’lcx' fr IR !'l' | o
“‘ L 3

AN AN
) e (2 ) ....... P2.657
Frameqn, 12,65, 1 we pet, ;
y(n) = -y(n-1) - Yoytm-2y .65.3

Ustng eqn, P2.65.2, eqn., 2.65.3 and the initial conditions we get,

VO = -y(-1) - Voy(-2) = 1- Yo = Vo= Ci+C,
R _1_.)

Solving we get, C = 7 (1) and C, = Vi (1 +))

S The mataral response 1s,

Y n) = v (1 - ) (‘_7_2:*_,_1)" Y (14)) (%_.J)

n

() The Forced Response : yn) [Zero-State Response]

The forced responge y(n) is the solution to the differe

nce equation for the given
miput with inital conditons ave zero, I )y

45 Iwo components,
(1) 4 term resembling the nagpg) response y®(p),
(i1) particular solugion y(n),

The particolar solution, for the

' ! BIven inpug s obtained by assuming
has the same form 4 the input,

the system output

“ .’ ' = '

g, lt‘ ;lw MPpuLis x(n) = Agn then we assume the
S - VLU ¥ ) i f
YH) = Ko Table 2.9 BIves the form of , par
several comino mputs, Tlhe CONSENEs ‘I are deo
the difference Cquation of ¢y systenn)

"""""‘"‘"*""hrm-m..,..,._-“

Particular solution js of the form
ticular solution corresponding 10
ermined such thae y"(n) satisfics

"'—"""""'*—r--p-_.,

ll’ K " ; * : 5 ’ ; 1
L Ioput ; &Lﬁ, Partje i'..l",l,r solutioy - y"”(n)
A (cunsmnl) K
;\\u” Kot
COS(Op ¢
A 1,.;“,11_.11?24,,-._i&_.‘;‘;’:‘f.(“'” £ Ko singoon)
——z Bin({ Table 2.2
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\wte .When the input has the form of one of the components in the natural response.
then we must write a particular solution that is mdependent of all terms in the
patural response. For eg. if the natural response consists the term ‘o™ and ‘na®
then for the inputx(n) = o” the particular solution is of the form y'P(n) = Kn? o®

Exam‘plcs S
Example 2.66 Find the forced response for the system given by the difference cquation,
y(n) - /5 y(n-1) - Vs y(n-2) = x(n)+x(n-1)
with input x(n) = ('/4)" u(n)
Solution : Given :
y(n) - Yay(n-1) - Yey(n-2) = x(n)+x(n-1) .. P2.65.1
e,  ym) = Yiy(n-1) + y(n-2) + x(n)+x(n-1) ... P2.66.2
yO(n) = y"m) + y¥(n)
Characteristic equation,
t-Ysrt-Yart=0
ar-Ys=0

re=-Y4 and = 2

v = Cil-Ym +C A it e ke P2.623
Since x(n) = (/8)" u(n), the particular solution is of the form,
y"(n) = R R € i W s B ST P2.66.4

Substituting eqn. P2.66.4 i cgn. P2.66.1. we get
Ky u(n) - s K(/8)" u(n-1)- /s K(/5)™2 u(n-2) = ('#)" u(m) + (V/s)™' u(ﬁ.'])

While determining the value of K, nonc of the term should vanish. That is
possiblc only for n 2 2.

Mu!tiplying both the sides by (/)" we get,
'/4 K () - K (2 =1+ (!

KI - 8=
K= -1
. ym(,,) = C (-7 + C'72)" = (/9)" et PIGBS

: sy /’i%sumez'mul conditions arc zcro. [i.c., y(-1) = 05 y(-2) = 0)],
A Uunn:qn P2.66.2 and eqn. P2.66.5 we get,
; y(0) = Yay(-1) + ay(-2) + 1 +0=1=C+ Cp-1
; v(!) = 1/, y(0) + Ysy(-1) + e+ 1 =" =14 C+ 1 Cy- Vs
‘K}lvmgwc ;,Lt C, B /s‘md C,=%
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2 i (@ 1N, Lt
. The “‘mi\":wmt/:(ﬂ‘ a4 W (A il
y‘ (n) = ="l

Afe TENpONSE for
Yetermine the ero=state 1
le 2.67 Determine the |
Example chiference cquan;/\n.( b Uyl <y
y(n) = Yoy(n-ll

= M 20 and gero elsewhere
%] 1 N ﬁ g ;
where the forcing tuncaon y(n)

(FERTY l’g‘(‘y‘l
= x(n)
s g § v r") + V"Y(""z) - x\( 1) )
. IVen ! n) N /h}(“ g 1edit Ituh?m
ey :((n) = Yoy(n-1) - Yay(n=2) + x(n)

ym(li) = y(u)(“) e yn'l(“)
Characteristic equation,

=Y + Y= 0

?-Yor+ V=0

=S oand =

“iam IR v PG
y‘"'(n) = C,(/)" + Ca('7)

Sinee x(n) = 2" u(n), the particalar solution i of e form,
YU () = K 2" u(n)

Substituting eqn, P2,67.4 in egn. 2,671 we pet,
K2"a ¥ K 2m 4 1y, K2 w20 1 » 2
K-%K&Wﬂﬂnmm’ul
K1Yy Y] = |
K = Yy
Y0 =y Col" 4 Wy g0
Assume mitial conditiony

are 4010,

Using eqn. 2,672 and e P.67.8 we

YO) = Yy(1y. 1y,
y() = Yy
Solving we pet, (

Bet,
y(-1) 4 9

RS LA

w17 ; \

y s /l."-'/\( o l/,(j!. 14
1 ® A and Cym .

)i [I“’ ‘ﬂl l'('ll |'(,"§l‘)||”;ﬂ1 i‘.

n = (! |
y"(n) (*/5) ( () L ("1 4 ¥ B he ()
Example 2,68 Ty g, forceq R PO ey

AT S S et e

Fthe K

: st N
yiny 4 Y(n-1y 4 " Yateny SO0
witly hpyy

V4nl'-
4 . A e ..ln.il“
Y2y ,h“”’,\v‘llu difterences

M) s u(ﬁ) Sk ¥ne)

.
the systen desenbied by

[LRNIYR

2673




A R,presentations for LTI Systems

o
_given: Y(m) Fy(-1) + i y00) = ) 183
e y(n) = -y(n- , R b
e, YO = -y(-1) - 2y(n-2) 4 “n-1)
y(n) = y® X(n) + 2 o B
- vy + y“')(n) (n-1) ~ P2.68.1
Charactenstic A O T H S
t+rl+tari=g
r+r+'2=0
- w
2
._‘ (“)(n) - = +‘ n =
y G -,)—‘] + G, ('_1 'J)"
b 2 = P2
Since x(n) = X o
(n) :(ﬂ).- the particular solution is of the f
i yP(n) = K u(n) .
u snmtmg cqn. P268.4 n eqn. P2.68.1 we get ------ P2.68.4
K+K+'1»K=1+2 ,
05K = 3 _ g 8 n=2
-6
5
- yOn) = C, (—_——1:1)" + G, (_'6"-1 'j)" 3.0 P2.68.5
S ) 3 5 ...... 2.00.0
Assume initials conditions are zero
o :
sing eqn. P2.68.2 and eqn. P2.68.5 we get,
Y(0) = —y(-1) - Vay(-2) + 1 +0=1=CrtCo+ %5
: y(1) = -y(0) - V2y(-1) + 1 +2=2=C.('—1,,-ﬂ)+(3: (—lJ)+%
olvi . -
) -;l[]giwe get, C, = -'/10-] 7 and Gy = o+ o
<. The forced response 1s,
(i) yO(@) = (-1 -j /10) (—-‘-Hj)" (Mo 4§70 (ij)'l+% ek
L] The RSN s 2
Complete Response : Y(n)
em is the sum of the natural

the syst

o the complete response we must take

The mpley
- Ponge e response or the total response of

and b i
4 1e . .
forced response, 1.€., t0 determn
ideration.

"llual "
. i ; .
t onditions and the input 1to cons
Eh”"’fz.w o
ce equation

Find the response of the system described by the difteren

y(n) - Yoy(n-2) = x(n-1)
with y(-1)=1. y(-2) =0 and x(n) = u(n)




184

. o

Solution :  Given: y(n) - Yo y(n-2) x(n-1)
y(n) = 'hyn-2) + x(n-1)
y(n) = y"(n) y®(n)

Characteristic equation,

1-Yor2=0 |
rz = l/‘, dcsm
r=ts :
¢
r = pandr = s (1)

y(m) = Cy ()" + Cof-')"

Since x(n) = u(n), the particular solution is of the form,

(1) As
y?(n) = K u(n) P2.694 :
Substituting eqn. P2.69.4 in eqn. P2.69.1 we get,
K-'"wK=1
LK="
Y =CA G S P2.695 (iii) Ti
We have initial conditions y(-1) = 1 and y(-2) =0

Using eqn. P2.69.2 and cqn. P2.69.5 we get

y(0) = /4 y(-2) + x(-)=0= C,+C,+
Y1) ="oy(-1) + x(0) = 10y = )
Solvi t (=l .
olvingwe get C| = Efmd G, 13

9

I/:‘Cl" l/.’DCZ + -;—;))—

—_ —

24

- The responsc s,

y(n) = 772-(%) - By
24\3) Tg >0
K 8 a1 =2
2.5 BLO B —
5 <K DIAGRAM REPRESENTATIO NS
1¢ unpulse respo :
ns¢ and difforeny
so far L crent: 1
: d‘:\{m-dd.pm‘”dt only the inp g, Hdifferenc Cquatio '  seudi?
any descriptions about the differey Wput l)ChaviUur oftl N representations we s e
Y Nl i " : v
?;Lt;:)l;.' we will discugg about ap gy mteryy, OPerations 1€ system. But it doesnot Pmthi\'
ock diagr, Dresentar: €T time = > > -
Qram representarion, T time-dg), K erPLI formed by the system. In s
: ' a rL‘SL‘] ) ~ i " )\\1[ &
{ir i diagrain representation - ttation for system kn¢
different set of interpy) i on ig , Pictor:
diagram Fepresentatioy, has p ft?ltmhs used g, rial TCpresep
the system using S A greae J 1

. o the
. ; tat : weribes
. Ctery on which desct X
c S1gn e the o
OMpugey = i“x'::lcalncc )'CC';“.;:-H‘;L Output from the input 3l(".
* TII) IS Si1s5¢e It ](.'l L . ) “(”
Bothe Ps i the implement?
)lnck di . ptc !

- B . 1<
Hgram  representatiot

B .
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e

s » ~ ' - s1e e . 185
ous-time system is the basis fo, Analog COMputer .
girectly translated into a program for the ; o lation of Syste
ie

. Simuyl; . : ms and ;
0 the representations sugop 5 MON of sychy 4 cocr. ean
ater. Als . 8gests o Simple and Fios System op 4 digital
P sing digital computers, Cthcie mplement th‘
Cc

(.lm“']]ll

Rl
gpple® 4

g5 For discrete-time system

Let us discuss the block diagran, represe

o 5 NALON of 3 dicerar. .-
ciibed by difference equation. The 3 ¢lepye discrete-time 17y system
(S

ntary operations op signals are,

() Sealar multiplication X

*() ———y(n) = ax(n)
(1) Addition ‘
x(n) z(n) = x(n) + y(n)

y(n)

‘@' can also be written as ‘@’

x(m) = S — y(n)=x(n-1)

2 ’
“1 S|’ can also be written as ‘

' corresponds to shift and ‘D’ corresponds to delay.

1 : iscrete-ti tem as shown
; CC‘"Sldcr a block diagram representation for a discrete-time syste
%216

(n) Time-shift

I z(n — y(n)
x(n) : b, 3 . z(n) —)@ Y
I
: : : S
l S 1 y(n-l)
sy B o(3)
I
I
Ll b, I y(n-2)
v(n-2) 2, :
I
| S :
)
¥(n-3) b, :
v 4 | Fig. 2.16 dashed line

-— S . e
__________ Slde th
B W i ow]]_ 1Y
:9% ’lhng i : [ the system sh




Signals & SYStemg :
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i) g i :
2(n) = bya(n) + byx(n-1) + by x(n-2) * 34 (2-28)

Similarly, for the remaining pare we gets
y(n) = z(n) - a,y(n-1) - ?lz)’(fl‘z)

Substituting cqn. 2.28 in cqn. 2.29 we geb
y(n) = byx(n) + by x(n-1) + b, x(n-2) + bs x(n-3) - aryi(n-1) - ,y(n-2)

-2) + by x(n-3) .. :

- y(0) + ay,(n-1)+ ay(n-2) = byx(n) + by x(n-1) + bpx(n-2) + by x(n-3) ... 2.3

The eqn. 230 is the difference equation corresponding to the system shown j,

Fig, 2.16.

The block diagram representation is not unique. Since convolution is associative,
1.e.,, consider two systems having impulse response hy(n) and hy(n) are connected i,
cascade. We may interchange their order without changing the input-output relation of
the system: Therefore the system shown in Fig. 2.16 can be written as shown in Fig. 2.17

A a(n) b
x(n N N
) ——(Z > X y(n)
S
Al CraneTi— B
b Z
¢ S
b,
z
S
i Fig. 2.17 b,
n kg, 2.17, consider the nal A
and ‘C” are a(n-1). But the « B1aTAt point ' js 4y ;
st timc—shi)ﬁ u'riit;f.ILBsStm.c signal an-1)’ 5 }f:i)n-i T};l’t‘reforC, the signal at point B
shown in Fig, 2.18, It could b obtaj Nd ‘C’ are obtained by two

ted by g

N8 single time-shift unit #

x(n)

y(n)
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I
' ljagram represcnt; 187
 block diagt }; cenaton shown Fig. 2,16 ;
' - whereas  that shown iy g % 216 38 known .. 1.
lt'mcnwn-on The direct form I impl }‘H- 218 1 known o ."',d”""’ Jorm |
ﬂm’iclﬂf"m“on' ) plementation USes less tim l‘i!}‘ dircer Jorm JJ
| = C=shitt unit or )
o 1Lor memor
,Iglﬂrnﬂr y
i“,,,,plu .
1e2.70 Find the difference cquation corresponding to the :
fnP Fig, 1°2.70.1 1e block diagram shown in

(<) z(n)

x(n) ‘T >% /

S

—> y(n)

¥

N W
w

Fig. P2.70.1

A
>

Soution : From Fig, P2.70.1 we get,
2(n) = x(n) + 2x(n-2)
and y(n) = z(n) - '/2y(n-1) + t/3y(n-3)
Put eqn. P2.70.1 in eqn. P2.70.2 we get,
y(n) = x(n) + 2x(n-2) - '/2 y(n-1) + Y/3y(n-3)
Sy + Yay(n-1) - Vay(n-3) = x(n) + 2x(n-2)

~

. lementation for the system
Exrmp" 271 Draw the direct form I and direct form 11 implementat

described by,

y(n) + Yay(n-1) - ry(n- |

i The direct form 1 and direct form 11 irnplcmcnmlons !
and Fig, P2,71.2 respectively.

x(n)———T———”

S

2) = x(n) t x(n-1)

: tation
Fig. p2.71.1 Direct form [ implemen
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188
b3 y(n)
x(n) z
S
-y :
Y Je—¢ 7
S
A

Fig. P2.71.2 Direct form Il implementation

—

Example 2.72 Sketch direct form I and direct form [l implementations for the differenc
cquation,

y(n) + %2 y(n-1) -y(n-3) = 3x(n-1) + 2x(n-2)

Solution : The direct form I and direct form Il im

plementations are shown in Fig, P2.72.1
and Fig. P2.72.2 respectively,

x(n) ——

N
w
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i e

273 Find the difference- “CqQuation ¢y,
E,arﬂ}’ ,tprcscntatlon shown in Flg CS

x(n) S
y(n)
v )
Fig. P2.73 K
gtion: - Given.:
\_(n) a(l]) S '(l(n—l)
S Ty(n)
Ry | ) '
/4 4 Fig. P2.73.1

From Fig. P2.73.1 we get,
a(n) = x(n) - Y4 a(n-1)
y(n) = a(n-2) + Yaym-) .. P2.73.2
From eqn. P2.73.1 we get,
Soa(n-1) = x(n-1) - Y a(n-2)
a(n-2) = x(n-2) - Y4oa(n-3) e P273.3
From eqn. P2.73.2 we get,
a(n-2) = y(n) - Y4 y(n-1)
- a(n-3) = y(n-1)-Ysy(p-2) 77
USiﬂg eqn. P2.73.3 and eqn. P2.73.4 we get,
y(n) = x(n-2) - Yaa(n-3) + V4y(n-1)
= x(n-2) - % [y(n-1) - /i y(n-2)

\\\\N_,Wm—Vmﬂmﬂ‘lma)
mplcz 74 Obtain the difference cquation corrcspoudmg t

shown in Fig. P2.74.
1/2

b
Cd

] + Yay(n-1)

o the block diagram

5 y( n)

x(n) —4&: S S

Fig. p2.74

-s



- }"\
e, & |

Selution: Given:

y(n)
x{(n)
Fig. P2.74.1
9
a(n) = x(n) - s y(n) e P24
o) = -l Fanm=-2) T T T e P2.742

From eqn. P2.74.1 we get,
a(n-2) = x(n-2) - Ysy(n-2)
Substituting eqn. P2.74.3 in cqn. P2.74.2 we get,
y(n) = Yax(n-1) + x(n-2) - '/sy(n-2)

Soy(n) + ay(n-2) = '/2).‘(11—1) + x(n-2)

2.5.2 For continuous-time system

ook ugr?:scuss thcl block d‘Fgﬁ““ representation of a system described by differentil
equauon. lhe general form of differenga] equati b e ’ -
. uation discry or Jous-time
system is, ption for a contin

N M
z dhy(t) dkxe
b s 2,0 SHY
k=0 de* E) . dek (231)

If N>M, by integrating eqn. 2.31

ONTY -

s M
2 ARICED DNV
k=0 tn k- (t)

(2,32)
For a second-order System (N =2), wi(]
; 1ahr=1 we
Y(t) G ¥ Y(l)(t) (2 . g get,
m . -y k)(t) 5 b J
\thre y( )(t) 1s thc m-.fold lntegral F '_)x(t) + b[x(‘)(t) + b()x(z)(t) ...... (2-3.3)
(1) is the 1-fold inthm] onE ;
Simil : _ X(t) et
di ?lfl:“ arlt-o the block diagrap,
irect form nnplemcnmtion can bprL‘SL‘nt;nim | (e
¢ dray, e s';c'd for o discrete-time syst©
H1n Fig 2 4q




741 h_f‘ — 1y
4.2 H
< Fig. 2.19 Dj A ]
g Birect form ! implementatign
torm Il implementaton |
143 plementation is shown in Fie 200
x(t) — ¥ = o
1 (© > T_”'—‘”'* L)-—?v(r]
. i
- i -1 "I- b,
2 VX € Soinl ¥
» : . -
nua 4 | "
Lme £
: |
.E{ __-;" ‘l’)
31) : :
Fig. 2.20 Direct form Il implementation
32) ‘ .
) converting the differental cquation € integral cquaron, draw direct
™ Land direct form II implementations for the systen.
dy(t) |, -

9 4 5500 = 30

g both the sides, we get,
¥() + Sy(D(r) = 3x"(t)
% Y(t) = 3akhi(y) . 5y () o
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>y(t)
x{t) —

Y W

xﬂ) (t)

Fig. P2.75.1 Direct form |

x(t)

—>y(t)

1

Fig. P2.75.2  Direct form II

N r'r

Example 2.76 Repeat example 2.75 for

dt
Solution : Integratmg twice on bot} the sides we

get,
y(t) + 5 y(”(t) o 4Y(2)(t) e

The direct’ form 1

and direce form 11 imple
Fig. P2.76.2 respectively,

mcntatxons are shown ; in Fig, P2.76. 1 and

0




-\ m

> v(©)

Fig. P2.76.2 Direct form 11

2.6 EXERCISES

E2.1 ‘
i Obtain the convolution of
e et et * pe & Blepay)

he sequences




