Partial differential equation



Application of Partial differential equation



Transverse vibration of the string:
One -dimensional Wave equation:

Consider a flexible elastic string tightly stretched between two fixed points at a distance | apart and
displaced slightly from its equilibrium position ox Let p be the mass per unit length of the string. We
shall obtain the equation of the motion for the string under the following assumptions.

1)  The tension T of the string is same throughout. N A

1)  The effect of gravity can be ignored due to large tension T.

1) The motion of the string is in small transverse vibrations. W

I
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B
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Iv) The motion takes place entirely in the xy plane and the ) s i
W D S & o2
each particle of the string of the string moves perpendicular to the equilibrium

position of the string



Let us consider the forces acting on a small element AB of length 6x. LetT; and T,
be the tensions at the points A and B. Since there is no motion in the horizontal

direction, the sum of the forces in the horizontal direction must be zero

(i.e) — Tycosa + T,cosf = 0 the —ve sign Is used because T; Is directed

downwards.
Therefore, Ticosa = T,cosB = T - (1)

where a and S are the angles made by T, and T, with the horizontal. Vertical
components of tension are —T;sina and T,sinf3,where the —ve sign Is used
because T; Is directed downwards. Hence the resultant force acting vertically

upwards is T,sin f — T; sina.



Applying Newton’s second law of motion ( i.e Force = mass*acceleration ),
2
we have, T,sin 8 — Tysina = (p 6x) ZTLZL

( péx Is the mass of the element portion AB and second derivative w.rt ‘t
represents acceleration )

dividing throughout by T, we have,

Iy B Iy P5 0%u
— Sin ——Slha = —0X * ——=
T T T ot?
T 1 T 1
But from (1) 2= , —==
T Cos « T cos fB
sinf_ sina _ p 0%u : . _p 0%u
0SB cosa S0X * —— letanf —tana = —0x * —— - (2)

But, tan f and tan a represents the slopes at B(x + 6x) and A(X) respectively.

X B du gt B du
anf} = Ix and tana = P
xX+06x X



ou 0%u
( ) —p5x—2
x+6x \Ox/x T Ot

‘From (2), ( )

dividing by éx and taking limit as 6x — 0, we have

(@), (@)
lim 0x x+6x 0x X =£ " az_u

5x—0 Ox T dt?2

but, LHS is the derivative of — W .t X treating t as constant.

i i owy _p, Ou
€ dx (ax) T~ 77 o
0’u T 0%u
otz  p 0x?
Upp= C%Uyy (denoting 7/, by c*)

The above equation gives transverse vibration of the string.
This Is one -dimensional wave equation.



Boundary conditions :
The boundary conditions that one dimensional wave equation always satisfy
are

D)u(0,t) =0

iu(l,t) =0



Solution of Wave equation by variable separable method

The one dimensional wave equation is uys = %y, - (1)
Let the solution of (1) be u =XT - (2)

Then, substituting u = XT in (1), we have XT" = ¢?X"'T

Separating the variables, we have X7 = C—lzT? =k (say)

We gettwo ODEs X" —kX =0 and T — kc*T = 0
solving these two ODES X" — kX =0and T" — kc*T =0 - (3)

for X and T results in the following cases:-

Case i: When k is positive, k = p% (say)



Auxiliary Equation: m? — k = 0 Auxiliary Equation: m? — ¢?k =0
Then,m? —p? =0 =m=+4+p Then, m? — c?p? = 0= m = +cp

Solutionis X = C;eP*+(C,e™P* Solutionis T= C;ePt+C, e~ Pt

Case ii: When k is negative, k = —p* (say)
Auxiliary Equation: m2—Fk = 0 Auxiliary Equation: m?* — c?k =0
Then,m2 +p2=0= m = +ip Then, m? + ¢?p? = 0 = m = +icp

Solution is X = C; cos px+C, sin px Solutionis T= (5 cos cpt +C, sin cpt



Case iii: When k is zero, i.e k=0

Auxiliary Equation: m? —k = 0 Auxiliary Equation: m? — c¢?k = 0

Then m2=0=>m=0,0 Thenm? =0=m =0,0
Various possible solutions are

u = (C eP* + C,e™PX) x (C3e°Pt 4+ C e~ PY)

u = (Cycospx + C,sinpx) * (C3 cos cpt + C, sin cpt)

u = (Clx + Cz) * (C3t + C4_)



Of these solutions, choose that, which is consistent with the physical nature
of the problems. Since, we are dealing with the problems on vibrations, u
must be a periodic function of x and t.

Therefore, the solution must involve trigonometric functions. Accordingly, the
only suitable solution is ( which corresponds to k = —p?)

u(x,t) = (C; cos px +C, sinpx) * (C5 cos cpt +C, sin cpt) — (4)



Two dimensional heat equation

The heat flow in a metallic place which is in xy plane is given by

k
] ——wherec —

[axz ps

The above equation gives the temperature distribution of the plane in

transient state .

In steady state ,the temperature u is independent of the time t, so that

ou

o = = 0 and therefore the above equation reduces to [ﬁ + —] =0 which is

known as Laplace equation in two dimensions



Solution of Laplace equation

2
Laplace equation is given by [ﬁ + 67 =0-1

Let us solve this equation by variable separable method

Let us assume the solution for the equation 1 as u = XY where X is the function of

only x and Y is the function of only y

’u oy %u /)
ﬁ—X Yand 6‘_3/2_XY

Therefore the equation 1 becomes X"Y + XY =0
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derivation Continued

On separating the variables we get X7 = — YT = k(constant)

By taking 1 and 3, 2and 3 we get
X'"—kX=0andY"+kY =0
Which are two ODEs

Since Kk iIs constant ,depending on the value of k we will get the solution
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case 1

First let us assume that k is +ve say k = p*
For X, Auxiliary Equationis m? —k =0

m? —p? =0=>m=+p

The solution for Xis X = C;eP*+(C,e P*

For Y, Auxiliary Equationis m? + k = 0

m? + p? = 0=5m? = —p?=>m=+ip

The solution for Y is Y= C3cospy+C,sinpy

Therefore the solution is u(x,y) = (C,eP*+C,e " P*)*(Cs;cospy+C,sinpy)
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case 2

second let us assume that k is -ve say k = —p?
For X, Auxiliary Equationis m? —k =0

m? + p? = 0=>m? = —p?=>m = +ip

The solution for X is X = C;cospx + C,sinpx
For Y, Auxiliary Equationis m? + k = 0

m? — p? = 0=>m? = p?=>m==p

The solution for Y is Y= CzePY+C, e PY

Therefore the solution is u(x,y) = (C;cospx + C,sinpx) * (C3ePY+C,e™PY)
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case 3

let us assume that k is zerosay k = 0
For X, Auxiliary Equation is m? = 0=>m = 0,0
The solution for Xis X = Cyx + C,
For Y, Auxiliary Equation is m? = 0=m = 0,0
The solution for Y is Y= C3;y+C,

Therefore the solution is u(x,y) = (C;x + C,) * (C3y+Cy)



Various Possible Solutions are

> ul(x,y) = (C1eP*+Ce " P*)*(Cscospy+Cysinpy)
> u(x,y) = (Cicospx + C,sinpx) * (C3ePY+Ce™PY)

> u(x,y) = (C1x + C3) * (C3y+Cy)



Note

» For u to be non trivial solution, atleast one of
Cyand C,, atleastC;and C, are to be zero.

» The simplest regions in which the Laplace equation is solved
are the regions bounded by st.lines parallel to the co-ordinates
axes.



The simplest boundary condition is the one in which "u’ is specified to be non zero

on one of the boundary lines and zero on the boundary lines




» If the boundary line on which ‘u’ is specified to be non zero,parallel to x-axis(y
IS constant )
Then the solution involves cosine and sine function of X is used

y

y=b,u+0

» (1.e) the suitable solution is
> u(x,y) = (Cicospx + C,sinpx) * (CzePY+Cre™PY)



» If the boundary line on which ‘u’ is specified to be non zero,parallel to y-axis(X
Is constant ) Then the solution involves cosine and sine function of y is used

X =aq,
u+o0

» (i.e) the suitable solution is
» ulx,y) = (C1eP*+Ce™P¥)*(Cscospy+C,sinpy)



Classification of second order partial differential equation

The general form of a second order P.D.E. if u is a function of
two independent variables x and y Is given by
Aazu 5 0°u 0°u Dau Eau ; )
0x2+ 8x0y+66y2+ 6x+ 6y+ u=0
The above equation can be classified depending on the value of
the discriminant B*—4AC




Elliptic

Eqgn 1 can be classified as Elliptic if
B“—4AC < 0

For example consider the following egn
0*u 0d°u
0x2 = dy?
Hear B=0,A=1,C=1
B%2—4AC = —4
Laplace equation is Elliptic




parabolic

Eqn 1 can be classified as Parabolic if
B?—4AC =0
For example consider the following egn
ou ., 0°u
= g2
ot dx?
Hear B=0,A=a*,C=0
B?—4AC =0

Therefore the above eqn is parabolic



Hyperbolic

Eqgn 1 can be classified as Hyperbolic if
B*—4AC > 0

For example consider the following egn
0’u . 0%u
— g2
dt*4 dx?
Hear B=0,A=a*,C=-1
B%—4AC > 0

Therefore the above eqn is Hyperbolic



Finite difference method

Let us consider u be a function of x and y

Here the xy plane is divided into a series of rectangles of sides

Ax = hand Ay = k by drawing lines parallel to the coordinate

dXes.



Finite difference method

(x,ly + 2k)
$ 9 .
(x,‘ + k) ®
(x — Ey) ‘x y) o xthY)
%,y — k)
- 9 9




Finite difference method

(i,j+2)
$ 9
.(i;j +1) ®
(G,j—-1)
- - »
Ax = h  —




The point of intersection of the family of these lines is called as grid point or mesh
point

The value of u(x,y) at any point (x,y) Is denoted by u; ;
and here each x values and y values are given by x =ihandy = jk

The finite difference approximation for the partial derivatives of ‘u’ are as follows

w, (i, ) = ui“'{l —i [Forward difference]

w, (i) =~ _:i‘l'f [Backward difference]

Uj+1,j7U

- L] [central difference ]

Uy (i, j) =



Along vy direction

uy(i,j) = ui'”ll{_ui'j [Forward difference ]

uy(i,j) = ~ [Backward difference]

e |
uy(i,j) = l’]+12k “I=2 [central difference]

By using the above differences we get the following second order derivatives

Uipq,j — 2U; 5 + Uj_qj
hZ

uxx(i:j) —

Con Uijer — 22Ut Uy
Uyy (L,]) = 2




Heat conduction



A uniform homogeneous metal bar is made of infinite
number of molecules. They are interconnected by cohesive
force. When heat is applied through one side of it, they
tends to get expand , because of that they get more
interconnected and hence heat flows from molecule to

molecule.

The flow of heat in this way in a uniform rod is known as

Heat Conduction.




One dimensional heat equation

> Consider a homogenous rod of uniform cross section (acm?)

» Assume the sides are covered with a material impervious to
heat so that the stream lines are all parallel and
perpendicular to the area a

» Let u(x,t) denotes the temperature at a distance x from origin
and attime t

» Let p be the density,S be the thermal heat and k be the
thermal conductivity.
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Consider a small slab of the rod with thickness §x a\ Ri —\ \— R;

The following principles are involved in heat conduction problems
Heat flow from a higher temperature to the lower temperature

The rate of a heat flow across an area is proportional to the area and the rate of the change of
temperature w.r.to its distance

Let R; and R, be the rate of inflow and outflow of at x and x + 6x
ou ou
Rl = —ka a]x and R2 = —kaa e
(-ve sign since as x—increases u will decrease)
i . i ou u
Rate of increase of heat in the slab of the thickness 6x = R, — R, = ka [—] — —]
Oxlx4sx Oxly



But the quantity of the slab with thickness 6x is given by Q = Spa5x(g—1:)

» Therefore Spa(Sx = ka [ax s ]
], ]
ou Oxlxt+5x Oxlx
> S'D (E) - ox
; sl
u . Xlx+6x OXlyx
> as5x—>O,Sp(—)=k6191€IBO =

sp(50) = k55 = (5) =56

ou 2 2
(at) C (axz)where C =5

This is the P.D.E which gives heat conduction
This is called one dimensional heat equation

VvV VYV V



Solution of one dimensional heat equation

2
» The one dimensional wave equation is(%) = C* (gx;‘) > 1

» We are going to solve this by variable separable method

> Let us assume the solution be u = XT where X is the function of
only x and T is the function of only t

» Hereu, =T"and u,, = X"



Therefore the egn 1 becomes
XT' = c?X"T
On separating the the variables we get

XII 1 TI
X Tar -k ey

On taking 1 and 3, one ODEs and by taking 2 and 3
X"—kX=0 andT?lz kc?

Which can be solved as follows

Since Kk 1s constant depending on the value of the k we will get different solution
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Case 1

First let us assume k as positive say k = p?
The above egn become as follows

X" —p?X=0 andT?, = p?c?

On solving for X and T we get as follows
For X , Auxiliary Equation: m? —p? =0
Then, m? =p? =m=4p

Solnfor Xis X = C,eP*+(C,e™P*

!

For T, T? = p%c? =onintegrating log T = p?c?t

2,72
$T=C36Cpt

Therefore the solution is u= (Clepx+Cze‘px)*(C3eczpzt)
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Case 1

let us assume k as negative say k = —p?
The above egn become as follows

X" +p?X =0and T?’ = —p?c?

On solving for X and T we get as follows
For X, Auxiliary Equation: m? + p? =0
Then, m? = —p? = m = +ip

Soln for X is X = C; cos(px) + C,sin(px)

!

For T, T? = —p?c? >=onintegratinglogT = —p?c?t

2,72
$T=C36_C p-t

Therefore the solution is u= (C,eP*+C,e PX)*(C,e ¢ P°t)
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Case 1

let us assume k as zero

The above egn become as follows

X'=0

On solving for X and T we get as follows
For X , Auxiliary Equation: m? = 0

Then, m= 0,0

Solnfor XisX = (Cix + C,)

For T,= T = (5

Therefore the solution is u= (C;x+C,)*(C3)
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vV VY

Various possible solutions are

u(x, t) = (CreP*+Cre P*)*(Csec P°t)
u(x, t) = (CreP*+Cre PX)*(C3e~C"P°t)
U= (C1x+C3)*(C3)

Out of these possible solution we need to choose the suitable solution
according to the physical nature of the problem

Since, u decreases as time t increases , the suitable solution is

u(x, t) = (CreP*+Ce PX)*(C3e~¢"P°t)



15-05-2020

Classification of PDEs

Linear Second order PDEs are important sets of
equations that are used to model many systems in
many different fields of science and engineering.

Classification is important because:
- Each category relates to specific engineering
problems.
- Different approaches are used to solve these
categories.

Linear Second Order PDEs Classification
« A second order linear PDE (2—independent variables)
Auyy + Buy,, + Cuyy, + D = 0,
A, B, and C are functions of x and y

* D is a function of x,y, u,u,, and u,
is classified based on (B? —4AC) as follows:

. B? — 4AC < 0 W) Elliptic
B? — 4AC = 0 W) Parabolic
B% — 4AC > 0B Hyperbolic
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*Auy,+Buy,+Cuy, +D =0

- LAPLACE EQUATION is u,, +u,, =0
-A=1,B=0,C=1, D=0
*B?—4AC=-4 <0 i.e. Negative

* Therefore it is as an ELLIPTIC EQUATION

PARABOLIC EQUATION

»Auy, +Buy, +Cuy,+ D=0

>»HEAT EQUATION is u, = C uy,
>»A =% B=0,C=0,D=-1
»B2—-4AC=0

»Therefore it is PARABOLIC EQUATION
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HYPERBOLIC EQUATION
*Auyy+Buy, +Cuy,+D=0

« WAVE EQUATION (C? u,,= u,
-A=c(C?B=0,C=-1,D=0
*B*—4AC>0i.e. Positive

* Therefore it is HYPERBOLIC EQUATION

Numerical Methods

« Most PDEs cannot be solved analytically.

 Variable separation works only for some simple cases
and in particular usually not for in-homogenous

and/or nonlinear PDEs.

« Numerical methods require that the PDE become

discretized on a grid.
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* Finite difference methods are popular/most

commonly used in science.

»They replace differential equation by difference

equations.

« Engineers (and a growing number of scientists too)

often use Finite Elements.

METHODS

« Finite Difference (FD) Approaches

« Based on approximating solution at a finite
INTERSECTION of points, usually arranged in a regular
grid.

* Finite Element (FE) Method

» Based on approximating solution on an assemblage of
simply shaped(triangular, quadrilateral) finite pieces or
"elements" which together make up (perhaps complexly
shaped) domain.
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Finite Difference Approximations to
Derivatives

« Consider a rectangular region R in xy-plane.

» Divide the region into rectangular network of sides Ax

= h and Ay = k as shown.

» The points of intersection of the dividing the Lines are
called MESH POINTS or NODAL POINTS or GRID

POINTS.
y y
(x,y 1 2k) ‘ @i,j+2)
(xyk) Gj+1
Ay=k=1
x1hy) &Y (& +hy) i—L) @D (k1))
Ay = 4 9 '] ]
y =k )
(x,y—k) @@&j—-1
X Ax = h = 1 —) X

5/15/2020

Ax = h oo—)

Dr. M. B. PAGE
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* We can interpret the above idea in different notation by
drawing two sets of Parallel Lines x = ih and y = jk

* Where i,j=0,1,2,3----

» The point (i,j) is called a Grid Point and is surrounded by
the neighbouring points as shown in the above diagram.

« If u is a function of two variables x,y then the value of u(x,y)

is denoted by u;;

» Therefore u(x,y) = u(ih, jk) = u;;

First order Forward Difference w.r.t x - o
ou Uiy — Ui o I o
Pl A ij i+1,]

First order Backward Difference w.r.t.x

ou Upj— Uj—q - +
YR Y Bl L on &P
O0x h (i+1,) (i.))

@ @
(I-llJ) (lr

=
=
F
e
.
=

ox T 2h
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* First order Backward Difference
w.rt.y

du Ujj+1 — Ui du Ujj—1 — U
D . — = U, =
k dy k

ou " = Ujjr1 — Uij-1
dy 7 2k

Second order Backward Difference w.r.t. y

2
0°“u ui,j_l - Zui,j + ui,j+1

a—yz=uyy= 12
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Finite Difference Method

« Method based on truncated Taylor series j+1
u Uy — U _ U ;
el G - Forward difference .
G2 h J
5 ", —u -1
k| I e o : 4= i i+1
ol h - Backward difference
s
A Wy ey
—| = - Central difference
x|, 2h
a2 =) + .
R I e L, - Central difference
o’ s Ii?

» Above approximations can be substituted for differentials in the PDE.

6
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EXAMPLES ON HEAT EQUATION

. du 0%u
Ex.1: LP-16: Solve the equatlona =z

3sinnmtx, u(0,t) = 0,u(1,t) = 0, whereO0<x<1,t>0

with conditions u(x,0) =

ou 9%u

Solution: Heat Equation is . oz

3-possible solutions of Heat Equation are,
_ pX —px p?C?%t
u = (c1eP* + c,e7P*) c3e
. —pZCZt
u= (cycospx + c,sinpx ) cze

u=(cyx +c,)cs

15-05-2020 Dr. M. B. PAGE

92%u

. ou _ L ou o
Comparing 5 with Pt

9%u
t  9x2

5z We getc=1

We have the Solution of heat equation as

u(x, t)= (cycospx + c,sinpx ) e pCt

Which implies u(x, t)= (c;cospx + c,sinpx) e Pt (1)
Now, using the Boundary Conditions,

u(0,t) = 0 put x=0 in equation (1),

we get u(0,t) = c;e Pt =0 impliesc; =0

15-05-2020 Dr. M. B. PAGE
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u(x, t)= (c;cospx + cysinpx ) e Pt -—---2(1)

Thus, eqn (1) becomes  u(x, t)= (c,sinpx) e Pt > (2)

Given, u(1,t)=0 using in eqn(2), we get u(1,t)=(c,sinp ) e~ Pt —

Which implies, since ¢, # 0 we have sinp = 0

sinp = sinnmt — p = nmw

15-05-2020 Dr. M. B. PAGE

Thus, the solution becomes u(x, t) = ¢, sin(nmx). g TNt -2>(3)

Adding all the solutions, we get the General Solution of heat egn as

u(x, t) =Y 4 b, sin(nmx). e‘”znzt___(4)

Given, IC = u(x, 0) = 3sin(nmx), using this in eqn (4), we get

u(x,0) = f(x) = ¥y by sin(nmx)

which is Half-Range Fourier Sine Series

15-05-2020 Dr. M. B. PAGE
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u(x,0) = f(x) = X521 by sin(nx)

then bn=% folf(x) * sin(nmx) dx
2 (1., . .
bn =7 J, 3sin(nmx) . sin(nmx) dx
= 6f01 sin?(nmx)dx

-6 fol 1—cos§2nnx) dx = 3 {x _ singznr;nx)} 0to 1

=3

15-05-2020 Dr. M. B. PAGE

Thus, the egn (4) becomes

u(x, t) =Y, b, sin(nmx). e‘”Z"Zt___(4)

o0
u(x, t) = Z 3 sin(nmx) . e ™ Nt
n=1

This is the required solution of heat equation.

15-05-2020 Dr. M. B. PAGE
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du 92 . .
Ex.2:LP-19: Solve a—‘: = Z_ subject to the conditions u(x, 0) = x — x2,

0x2

u(0,t) = 0,u(l1,t) = 0, where 0< x <1.

: . .0 9%
Solution: Heat Equation is = = ¢2 ==

at ox
3-possible solutions of Heat Equation are,
U = (c1eP* + cpe7P¥) cyeP 7t
U= (c,cospx + c,sinpx ) c;e P°C°t

U= (cix+c) c3

15-05-2020 Dr. M. B. PAGE

9%u

. Ou L du o
Comparing = = —— with —= = c

0%

oY we get c=1

We have the Solution of heat equation as
u(x, t)= (c;cospx + cpsinpx ) e Pt
Which implies u(x, t)= (c;cospx + c;sinpx ) e Pt -—-=>(1)
Now, using the given conditions,
u(0,t) = 0 putx=01ineqn (1),
we get u(0,t) = c;e Pt =0

impliescy =0

15-05-2020 Dr. M. B. PAGE
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u(x, t)= (c;cospx + cysinpx ) e Pt -—---2(1)

Thus, eqn (1) becomes u(x, t)= (c,sinpx) e Pt > (2)

Given, u(1,t)=0 usingin eqn(2), we get u(1,t)=(c,sinp ) e Pt =

Which implies, since ¢, # 0 we have, sinp = 0

15-05-2020

Thus, sinp = sinnm

Dr. M. B. PAGE

Thus, the solution becomes u(x, t) = ¢, sin(nnx). e TNt -2(3)

Adding all the solutions, we get the general solution of heat eqn as

15-05-2020

Given, u(x,0) = f(x) = x — x?, using this in eqn (4),

we get

u(x,0) = f(x) = Xn=1 by sin(nmx)

Dr. M. B. PAGE
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u(x,0) = f(x) = Xin=1 by sin(nmx)

Which is Fourier Sine series
Where bn=% folf(x) * sin(nmx) dx

b, = %fol(x — x?).sin(nmx) dx

Integrating by using Bernouli’s Rule, we get

bn =2 [(X . Xz). (—cosnnx) . (1 . ZX) (—sinnnx) n (_2) (cosnnx

nm (nm)? (nm)3
limits from O to 1,

15-05-2020 Dr. M. B. PAGE

)
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2cosntm 2

bn - 2{[0 —0- n3m3 ]_[0-0-n3r£3]}
2 —2cos 2
- n3n3 { n3m3 + n371:3}
4 .
~ ()3 [1—-(—1)"] assinnm = 0andcosnt = (—1)"

Thus, the solution of heat eqn becomes , from eqgn(4)

N 4 2,2
u(x, t) = Z )’ [1— (=1)"].sin(nmx).e ™ ™t
n=1

15-05-2020 Dr. M. B. PAGE
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Ex.3: Find the temperature in a bar of length 2 whose ends are kept at zero and
lateral surface insulated if the initial temperature is sin (?) + 3sin (523)

ou 9%u

Solution: Heat Equation is o 2

3-possible solutions of Heat Equation are,
u = (creP* + cye™PX) c,eP C’t
u= (c,cospx + c,sinpx ) cze P €t
u=(cix +¢cy) c3
We have the solution of heat eqn as

u(x, t)= (c,cospx + c,sinpx ) e Pt -2(1)

15-05-2020 Dr. M. B. PAGE 13

Boundary Conditions are u(0,t) = 0,u(2,0) = 0 and
- - . . X . 5mx
Initial Condition is u(x,0) = sin (7) + 3sin (T)
Now, using u(0,t) = 0 put x=0in eqn (1),
we get u(0,t) = c;e ¢ Pt =0
implies ¢1=10
. _ 2202
Thus, eqn (1) becomes u(x, t)= (c,sinpx ) e P t> (2)

Given, u(2, t)=0 usingin eqn(2),
we get, u(2,1t)=(c,sin2p)e ¢ Pt =0

Which implies, since ¢, # 0 we have, sin2p =0

Thus, sin2p = sinnt = 2p =nmr = p = "2_”

15-05-2020 Dr. M. B. PAGE 14
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71'2712 Czt

Thus, the solution becomes u(x, t) = ¢, sin(nmx).e ->(3)

Adding all the solutions, we get the general solution of heat eqn as

> _m?n?c?t
u(x, t) = Z c, sin(nmx) .e 4
n=1
TL'ZTLZCZt

u(x, t) = Yo bysin(nmx).e” +  >(4)

Given, u(x,0) = sm( ) + 351n( ) using this in eqn (4),
we get
u(x,0) = Yo-1 by, sin(nmx) sm( ) + 3sin (SHX)

15-05-2020 Dr. M. B. PAGE 15

Which implies, sm( ) + 3sin (51‘[x)

=bysin (=) + bysin (Z2) + basin (Z2) + bysin (22 + bssin (57) +..

Comparing the coefficients of Like terms on both sides, we get

3
b1 = 1,b2 =b3 =b4 =0,b5 =E,b6 = ....=0

Thus, the Required Solution is

mx\ _m’c’t 3 Smx\ _m?s%c?t
u(x,t)zsin(T)e 4 +§Sin 5 e 4

15-05-2020 Dr. M. B. PAGE 16




Examples on heat equations



2
Ex.1: Solve the equation?;: = Zx;‘with boundary conditions

u(x,0) = 3sinnmx,u(0,t) = 0 =u(1,t),where0 < x < 1,t > 0

» Solution:

. . . . . ou 2 azu
» By comparing the given equation with the std. heat equation Frlal e
» We have c=1
» The suitable solution for the heat equation is given by

> u(x,t) = (cicospx + c,sinpx ) Cge—pozt

» The solution for the given equation is
> u(x,t) =(cicospx + c,sinpx) c3e‘p2t ----2>(1)(put c=1)
» Boundary conditions are i)u(0,t) =0 ii)u(l,t) =0

» Initial condition is u(x, 0) = 3sinnmx



We have the solution as u(x, t) = (c,cospx + c,sinpx ) cze Pt

» by using boundary condition u(0,t) = 0 (i.e)put x=0 and u=0 in the above eqn
» We getu(0,t) = C1C3€_p2t =0 impliesc; =0

» Therefore the solution becomes u(x,t) = (c,sinpx ) Cge_pZt

» By using the secondary boundary condition u(1,t) = 0 (i.e put x=1 and u=0)
> We get u(1,t)=(c,sinp ) cze Pt = 0 = sinp = 0 (since ¢, # 0) =p = nx

> therefore, the solution becomes u(x,t) = c,c5 sin(nmx). gt -2(2)

—2n?t

» We write this as u(x, t) = a,, sin(nmx) .e where a, = C,C5

» Adding all the solutions, we get the general solution of heat egn as

u(x, t) = Y- ay, sin(nmx). e~ TNt S (4)



Given u(x,0) = 3sin(nmx), using this in egn (4), we get

u(x,0) = X0-1 b, sin(nmx) = 3sin(nmx)

Using Fourier Sine series, b,, = %fol 3sin(nmx) .sin(nmx) dx = 6 fol 1+C°S§2"”x) dx

sin(2mnx
X + ( )

1 1
= 3[] dx + j cos(2nmx) dx] = 3
0 0

2 ]
nr x—0to1

Hence, b,, = 3
—m?n?t

Thus, the eqn (4) becomesu(x, t) = )., -1 3 sin(nmx).e

This is the required solution of heat equation.

Note:if f(x) = Ym=q1 b, sin(nmx) then bn=% folf(x). sin(nmx)dx



Ex.2: Find the temperature in a bar of length 2 whose ends are kept at zero and

lateral surface insulated If the initial temperature Is sm( ) + 3sin (512"‘)

9 d%u
Soln: Let the heat egn be in std. form as a—ltl = ¢? T2

We have the solution of heat eqn as u(x,t)= (c;cospx + c,sinpx ) cge‘pzczt —2(1)
Boundary conditions are u(0,t) = 0,u(2,t) = 0 &
initial condition is u(x,0) = sm( ) + 3sin (SZX)

Now, using the given conditions,

u(0,t) = 0 put x=0inegn (1), we get u(0,t) = clc3e_czp2t =0 impliesc; =0



Thus, egn (1) becomes u(x,t)= (c,sinpx )cge_czpzté (2)
Given, u(2,t)=0 using in eqn(2), we get u(2,t)=(c,sin2p )cge‘czpzt =0

Which implies, since c; # 0 we have sin2p = 0 thusp = n7ﬂ

2,2 .2
ni nen<cct

Thus, the solution becomes u(x,t) = c,c3 sin( 5 x) e+ —2(3)

Adding all the solutions, we get the general solution of heat eqn as

Nt _m?n?c? m?n?c?t

(0] o2t o
u(x,t) = z C,C5 sin (7x) e 4 = z b,sin(ntx)e 4 -4
n=1 n=1

where b, = C,(C5



Given, u(x,0) =, using this in egn (4), we get sm( ) + 3sin (Snx)

u(x,0) = Xpz1 by sin (%n x) sm( ) + 3sin (STZTX)

Which implies, sm( ) 1 3sin (512rx)

=b,Sin ( - ) + b,sin (2: ) + b3sin (37; ) + b,sin (47; ) + bcsin (5721x) +...

Comparing the co-efficients on both sides, we get

3
b1 — 1,b2 :b3 :b4 :0,b5 zz,b6 = ....=0
2c2%¢

.. . _Ir 3
Thus, the solution is u(x, t) = sin (%x) e 4+ +-= Sm (

2¢

STTX _TL'ZSZC
Je
2



0%u

dx2

Ex.3: Solve Z‘tl subject to the conditions u(x, 0) = x — x?,

u(0,t) = 0,u(1,t) = 0, where O<x<1.

» Solution:

. . . . . ou 2 azu
» By comparing the given equation with the std. heat equation Frlal e
» We have c=1
» The suitable solution for the heat equation is given by

> u(x,t) = (cicospx + c,sinpx ) Cge—pozt

» The solution for the given equation is
> u(x,t) =(cicospx + c,sinpx) c3e‘p2t ----2>(1)(put c=1)
» Boundary conditions are i)u(0,t) =0 ii)u(l,t) =0

> Initial condition isu(x, 0) = x — x?



Thus, egn (1) becomes u(x,t)= (cysinpx ) C3e_p2t -2 (2)

Given, u(1,t)=0 using in eqn(2), we get u(1,t)=(c,sinp ) c3e‘p2t =0

Which implies, since ¢, # 0 we have sinp = 0 thusp = nm

Thus, the solution becomes u(x, t) = c,c3 sin(nmx). e~ TNt 3 (3)

Adding all the solutions, we get the general solution of heat egn as

u(x, t) = N2, cycs sin(nmx) . e ™ Vt=u(x, t) = Y2, by, sin(nmx) .e TS (4)
where b,, = C,C5

Given, u(x,0) = x — x?, using this in eqn (4), we get

u(x,0) = Y2 . b, sin(nmx) = x — x*



Using Fourier Sine series, b,, = %fol(x — x?%).sin(nmx) dx

Integrating by parts, we get
O ®

b, =2 [(x — X2, ‘C‘:;‘”x) —a —/zwfi’g’;x) +(=2) (CE):Z;’C)] limits from 0 to 1,

(cosnm — 1)] [1—-(—1)"]

bn - [(nn)3

(nﬂ)3

Thus, the solution of heat eqn becomes , from egn(4)

u(x,t) = Z?fﬂ% [1 - (—1)"] sin(nmx). e‘”2"2t9(4)



Ex.4: Arod of length 1 with insulated sides is initially at a uniform temperature
x2. It ends are suddenly cooled to 0°C and are kept at that temperature. Find the
temperature function u(x, t).

| L o du _ o (0%u
Soln: one dimensional heat equation is given byat = (atz)

2C2

We have the solution of heat eqn as u(x,t) = (c,cospx + cysinpx ) cze P ¢t >(1)

boundary conditions are u(0,t) = 0,u(1,0) = 0 &

initial condition is u(x, 0) = x?

Now, using the given conditions,

u(0,t) = 0putx = 0ineqgn (1), we getu(0,t) = c1c3e_czp2t =0 impliesc; =0



Thus, eqn (1) becomes u(x, t) = (c,sinpx )cge_czpzté (2)

Given, u(1,t) = 0 using in eqn(2), we get u(1,t) =(c,sinp )c3e_czp2t =0

Which implies, since ¢, # 0 we have sinp = 0 thusp = nm

Thus, the solution becomes u(x, t) = c,c3 sin(nmx) g~nmictt - (3)

Adding all the solutions, we get the general solution of heat egn as

u(x,t) = )p—1 by, sin(nmx) e‘"2”262t9(4) whereb,, = C,C5

By using initial condition u(x, 0) = x?2,the above equation becomes

u(x,0) = X°_, b, sin(nmx) e 7w c0

x% = Y>_, b, sin(nmx)



» Which is half range sine series where

> b, is given by b,, = 2 fol x? sinnmx dx where length = 1(given)

» Applying integration by parts

> bn — 2 'xz (_ Cos(nnx)) _ ((Zx) . ( sm(nnx)) n ((2) (cos(nnx)

nm 22 n3m3 )]x—>0t01

> b, =2 :— (Cos(m)) + (2) = ( — 3)(COS(TLT[) — cos(O))]

(_1)n+1
nrt

> by, = +2 (=)« (D" - )

» There fore the required solution is

n3n3

(- 1)”"‘1 2.2 .2

) * (=)™ — 1)] sin(nmx) e T

> u(x,t) = )12 +2(

n3m3



Examplel: Solve Laplace equation given that u(0,y) = u(l,y) = u(x,0) = 0 and

u(x,a) = sin (@)

Solution:
» Laplace Equation is Uy, + Uy, =0
» 3-possible solutions are

» u = (CieP* + C,e ™ P*)(C5 cospy + C, sinpy)
» u = (Cycospx + Cysinpx)(CzePY + C e PY)

> u = (Cl + CzX)(Cg + C4_y)



Since the non zero boundary condition is parallel to u(0,y) = u(l,y) = u(x,0) =
x-axis , the suitable solution is 0 and u(x, @) = sin (mnx)

l

Therefore suitable solution involves cosine and sine
functions of x. y=au#0

» u = (Cycospx + Cysinpx)(CzeP¥ + Cpe™P¥)---(1)  _

u=20

» Since u(0,y) =0, from (1)

> 0 —_ Cl(C3epy + C4_e_py) — Cl — O. FI"Om (1),

we get

> u(x,y) = Cysinpx (C;ePY + Cpe™PY)--------- (2)



u(x,y) = Cysinpx (C;eP¥ + Cpe™PY)--------- (2)

» Since u(l,y) =0, From (2), we get
» 0= C,sinpl (C3ePY + C,e™PY) = sinpl = 0 = pl = nm.

> p = "—”. Therefore, equation(2) becomes

nimx —_nny

> u(x,y) = Gy sin(=-) (Cge T + Che 1 )mmmmmmmmmmm- (3)
» Also u(x,0) = 0, using this in equation (3), we get

nmx

> 0= CZ Sln(_) (C3 + C4_) — C3 + C4 — 0 — C4— C3



nmwx —_nny

u(x,y) = C;sin(=-) (C3e T+ Chpe T )-m====------ (3)

» Equation (3) becomes,

nmy —nmy

> u(x,y) =G, sm(nnx) (Cze 1 —(C3ze 1)

—nny

L)
nmwy = —-nmy

» u(x,y) = 2C, C5 sin (m:x) {e : Ze : }

> u(x,y) = C, C3 sin (nnx) (e T —

6

e —e‘e

» We know sinh8 =

> u(x,y) = C, sm( )S nh[—= ] -------------- (4) where C,, = 2C,C5



Adding up of such solutions for all values of n, we get General Solution as

> u(x,y) = Xy Cy sin (75 sinh[F2]wemeemeeneees (5)
> Using u(x, @) = sin(——) in (5) we get

> Sm(w) = Ym=1 Cp Sin (mx) smh[w] where m is +ve integer.

» Equating the coefficients on both sides, we get

mrma

> 1= msmh(

) and 0 =C, forn #m.



Therefore,

1 . - . i ]
»Cp = —rL using this in equation in (5), we get

> u(x,y) = ssiilnh(("'f”‘?) sinh (@

l

» Which is the required solution.



Example2: Solve Laplace equationfor0< x < a,0 <y </,
given that u(0,y) = u(x,l) = u(x,0) = 0and u(a,y) = y.

Solution:

» Laplace Equation is Uy, + Uy, =0
» 3-possible solutions are

» u = (Cie?* + C,e ™ P*)(C5 cospy + C, sinpy)
» u = (C;cospx + Cysinpx)(CzePY + CLe™PY)

> u = (Cl + CzX)(Cg + C4_y)



Since the non zero boundary condition is parallel to u(0,y) = u(x, 1) =
y-axis , the suitable solution is u(x,0) = 0and u(a,y) = y.

Therefore suitable solution involves cosine and sine
functions of y.

» u = (CieP* + C,e P*)(C5 cospy + C, sinpy)--(1)

using u(x,0) =0, in (1), we get,

0= (C,eP* + C,e™P*)C; = C3 =0, From (1)

u = (Cie?* + Cre™P*) Cy --------- (2)

Using u(x,l) = 0in (2), we get

0= (C,eP* + C,e ™ P*)C, sinpl = sinpl=0as C, #0

nrm
pl=nn = p=-



nmx —Nnnx

Therefore, equation(2) becomes u(x,y) = (Cie ¢ + Cye ) C, sm(my ----- 3

» Using u(0,y)=0 in equation(3), we get
> 0= (C,+Cy) C, sin(@) = (,+C,=0 =C, =—C;.

» Equation (3) becomes

> u(x,y) = (Cie v — Cle_ ) Cy sm(my
> u(x,y) =CiCi(e v — Cle_ )sm(my

el e } we know sinhf = (e —e=9)/2

> u(x,y) = 2C; C4 sin (m;y){



u(x,y) =C, sm( ) Si nh[w] -------------- (4) where C,, = 2C,C5

Adding up of such solutions for all values of n, we get General

Solution as

u(x,y) = Sy Cp sinh () sin[E2]-wemeemeenees (5)

Using u(a,y) = f(y) = y in (5) we get,

Which is half range sine series where

Cysinh (?) = % fo ysin (n—?y) dy



By applying integration by parts

— sin (22
=7 | - i — (1) )( n(znlz )
[ [2

)

1y-0-tol

C,sinh (mm) = —( l( )(cos(nn)) = (—( M)

B =2l(-1D)"
n-— sinhnma
nm( I )
Therefore the required solution is u(x,y) = Y71 m:lln(h (113;) sinh (m;x) Sln[my]



Example 3: Solveaz—u+az—u= 0., for0<x<a0<y<lI
' 0x%2 = 9y?2 ’ ’ ’

giventhat u(0,y) = u(x,l) = u(x,0) =0 and u(a,y) = {

Solution:
» The given equation IS u,, + u,, =0
» 3-possible solutions are

» u = (CieP* + C,e ™ P*)(C5 cospy + C, sinpy)
» u = (Cicospx + Cysinpx)(CzePY + C e PY)

> u = (Cl + CzX)(Cg + C4_y)



Since the non zero boundary condition is parallel to u(0,y) = u(x, 1) =u(x,0) =0
y-axis , the suitable solution is and u(a,y) = f(¥).

Therefore suitable solution involves cosine and sine
functions of y.

» u = (CieP* + C,e P*)(C5 cospy + C, sinpy)--(1)

x =0,
u=20

using u(x,0) =0, in (1), we get,

0= (C,eP* + C,e™P*)C; = C3 =0, From (1)

u = (Cie?* + Cre™P*) Cy --------- (2)

Using u(x,l) = 0in (2), we get

0= (C,eP* + C,e ™ P*)C, sinpl = sinpl=0as C, #0

nrm
pl=nn = p=-



nmx —Nnnx

Therefore, equation(2) becomes u(x,y) = (Cie ¢ + Cye ) C, sm(my ----- 3

» Using u(0,y)=0 in equation(3), we get
> 0= (C,+Cy) C, sin(@) = (,+C,=0 =C, =—C;.

» Equation (3) becomes

> u(x,y) = (Cie v — Cle_ ) Cy sm(my
> u(x,y) =CiCi(e v — Cle_ )sm(my

el e 1

x } we know sinh8 = (e —e=9)/2

> u(x,y) =2C; C, sin (m;y){



u(x,y) =C, sm( ) Si nh[w] -------------- (4) where C,, = 2C,C5

Adding up of such solutions for all values of n, we get General

Solutionas u(x,y) = ¥, C, sinh ("—TC) SiN[=>]----m--mm-- (5)

( z
_ y O=sy=-

Using u(a,y) = f(y) = z In (5) we get,
l—y -<y<lI
\ 2

nna nmy
Y = 2n=1Cn smh( )sm[ ] (6)

Which is half range sine series where

C,sinh (nna

2 rosin (B2 ay



(nna

Cysinh j f(y)sm 7Ty) dy

» By applying integration by parts

» C,sinh (mm) =7 fz ysin (nny) dy + fl ~y)sin (mlty) dy

> Cpsink (50) = % ) (— S )> @) +
l 12 -yﬁO%é
COS nny Sin nny -
(l—y)(— ,(ml ))—<—1>>< n(zﬂé )>
T lZ L
B “y—5—l




Applying the limits we get

nma
C,, sinh (T)
2|_ ! ( (”2—”)) ( ("2”)) l ( )
B A A A = A
- l 2 ]
- o= () 2
> Cpsinh (n—7lm) = (nilrz . (Sin (nz_ﬂ
” = (nznz);;h(n—’;‘l) * (Sin (n7n




Therefore the required solution is

u(x,y) =

w(sin()

(00
Lin=1 (nznz)sinh(n—fa)

sinh (

nmx



One dimensional wave equation



Eg 1: A string is stretched and fastened to two points ‘I’ apart. Motion is started by displacing

the string in the form u = Asin (”—lx) from which it is released at time t=0. Show that the

displacement of any point at a distance x from one end at time t is given by

u = Asin (n—lx) coS (nTCt)

» Solution:
one dimensional wave eqn is Uy = %y, - (1)

» Boundary conditions
> u(0,t)=0=u(l,t)
> Initial conditions

> u(x, 0) = Asin (%), (%)t=o — 0 (initially velocity is zero)




Various possible solutions are

u = (C,eP* + C,e ™ PX) x (C3e°Pt + C,e~CPY)

u = (Cycospx + C,sinpx) * (C5 cos cpt + C4 sin cpt)
u=(Cix+C,)*(Cst+Cy)

» Of these solutions, choose that, which is consistent with the physical nature of the
problems. Since, we are dealing with the problems on vibrations, u must be a
periodic function of x and t.

Therefore, the solution must involve trigonometric functions. Accordingly, the only
suitable solution is ( which corresponds to k = —p?)

u(x,t) = (C{ cos px +C, sin px) * (C5 cos cpt +C, sincpt) — 2



By using u(0,t) = 0 in eqn 2 _
0 = (C3 coscpt + C4 sincpt) * Cy = C{1=0
Byusingu(l,t)=0(.e)Putx=landu=01In (2)
0 = |C;5 cos cpt +C, sin cpt] * C, sin pl (bcoz C; = 0)

= sinpl=0=sinnmti=pl=n"Tt=p = % n=123

(2) reduces to u(x,t) = (63 cos (T”:Ct) + Cysin (m:Ct)) * (5in (#)
we write this

nrnct nrnct nmx
u(x,t) = (ancos( l ) + bnsin( l )) * Sin (T) - 3

Where an = CzC3 and bn = CzC4_
Therefore the solution satisfying boundary conditions Is

u(x,t) = (ancos (m;(:t) + b, sin (m:Ct)) * Sin (g) - 3




Initial condition:

.\ [Ou _ ou _
) (E)tzo_ 0:Putt=0, 5:=0

Differentating egn 3 w.r.t. t

ou nic ( _ (nnct) T h (nnct)) _ (nnx)
_ — % _—
5 ( l ){a,(—sin l ) nCOS l sin l

At t=0:
__ (bp)nmc . (nmx .
0= l *Sln(l):> b,=0

therefore the solution becomes

nmct . /NTTX
u(x,t) = ay, COS( l ) * Sin (T)

Adding for different values of n

oo

u(x,t) = 2 (ancos (mzct)) * Sin (?) - (4)

n=1




By u(x,0) = Asin (%) (i.e) put t=0 in the above equation

equation 4 becomes
nmx

Asin (n—lx) = )1 Qy * Sin (T) - (5)

On expanding R.H.S we get
31X

- TTX . /TTX [ 2mx _ - (4mx
Asin (T) = a4 SIn (T) + a, sin (T) + a3 Sin (T) + a4 SIn (T) +...

On comparing both sides

) _{A,nzl
nlo n=#1

: .. et X
Therefore, required solution is, u(x,t) = A cos (T) sin (T)



Example 2: Atightly stretched string with fixed end points x=0 and x=I is initially in a

position given by u = ugysin’® ”—lx . If it is released from rest from this position, find the

displacement u(x,t).

Solution:one dimensional wave eqn is Uy = €%y, - (1)

» Boundary conditions

> u(0,t)=0= u(l,t)

> Initial conditions

. 9
> u(x,0) = uysin3 =, (a—i

) = o(initially velocity is zero)
l t=0



Various possible solutions are

u = (C eP* + C,e ™ PX) x (C3e°Pt + C e~ CPY)

u = (C;cospx + C,sinpx) * (C3 cos cpt + C, sin cpt)

u=(Cix+Cy)*(Cst+Cy)
Of these solutions, choose that, which is consistent with the physical nature of the
problems. Since, we are dealing with the problems on vibrations, u must be a periodic
function of x and t.
Therefore, the solution must involve trigonometric functions. Accordingly, the only
suitable solution is ( which corresponds to k = —p?)

u(x,t) = (C{ cos px +C, sinpx) * (C3 cos cpt +C, sincpt) — 2



By using u(0,t) = 0 in eqn 2 _
0 = (C3 coscpt + C4 sincpt) * Cy = C{1=0
Byusingu(l,t)=0(.e)Putx=landu=01In (2)
0 = |C;5 cos cpt +C, sin cpt] * C, sin pl (bcoz C; = 0)

= sinpl=0=sinnmti=pl=n"Tt=p = % n=123

(2) reduces to u(x,t) = (63 cos (T”:Ct) + Cysin (m:Ct)) * (5in (#)
we write this

nrnct nrnct nmx
u(x,t) = (ancos( l ) + bnsin( l )) * Sin (T) - 3

Where an = CzC3 and bn = CzC4_
Therefore the solution satisfying boundary conditions Is

u(x,t) = (ancos (m;(:t) + b, sin (m:Ct)) * Sin (g) - 3




Initial condition:

.\ [Ou _ ou _
) (E)z:o_ 0:Putt=0, 2:=0

Differentating egn 3 w.r.t. t
Ju  nmc ( , (nnct) b (nnct)) , (nnx)
_ — (— — * —_—
5 ( l ) a,(—sin l ) + by cos l sin l

At t=0:
__ (bp)nmc . (nnx _
0= l *Sm(l): b,=0

therefore the solution becomes

nmct . /NTTX
u(x,t) = ay, COS( l ) * sin (T)

Adding for different values of n

u(x,t) = z (ancos (mzct)) * Sin (n_7lrx) - (4)

n=1
by u(x, 0) = ugysin’ % Putt=0 and u(x,t) = uysin’ % in (4)




X

g (™) @
we know that sin36 = 3sinf — 4sin36 - sin30 = zsin(é?) — 1sin(39)

UgSIn

Egn 5 becomes u, (z sin (?) — isin (S%x)) Yo, On * SN (m;x)

on expanding the R.H.S we get
Ug (— sin (nlx) — isin (3%96)) = a4 Sin (nlx) + a, sin (27: ) + a3 sin (377) + e
on comparing both sides we get

3 I
—4u0,a2— Az =

therefore the required solution is

3 TTX mtct 1 - [ 3mx 3rtct
u(x, t) = 7 Yo Sin (T) CcoS (T) — 7 Yo Sin{—— cos( l )

a;




Eg 3: Atightly stretched string with fixed end points x=0 and x=I is initially at rest in its
equilibrium position. If it is set vibrating by giving to each of its points a velocity

Ax(l — x), find the displacement of the string at any distance x from one end at any time t.

» Solution:
Equation of the string is  u. = c?u,, - (1)
» Boundary conditions
> u(0,t)=0=u(l,t)
> Initial conditions

> u(x,0) =0, (%) = Ax(l — x) (since the string is initially at rest in

equilibrium position)



Various possible solutions are

u = (C eP* + C,e ™ PX) x (C3e°Pt + C e~ CPY)

u = (C;cospx + C,sinpx) * (C3 cos cpt + C, sin cpt)

u=(Cix+Cy)*(Cst+Cy)
Of these solutions, choose that, which is consistent with the physical nature of the
problems. Since, we are dealing with the problems on vibrations, u must be a periodic
function of x and t.
Therefore, the solution must involve trigonometric functions. Accordingly, the only
suitable solution is ( which corresponds to k = —p?)

u(x,t) = (C{ cos px +C, sinpx) * (C3 cos cpt +C, sincpt) — 2



By using u(0,t) = 0 in eqn 2 _
0 = (C3 coscpt + C4 sincpt) * Cy = C{1=0
Byusingu(l,t)=0(.e)Putx=landu=01In (2)
0 = |C;5 cos cpt +C, sin cpt] * C, sin pl (bcoz C; = 0)

= sinpl=0=sinnmti=pl=n"Tt=p = % n=123

(2) reduces to u(x,t) = (63 cos (T”:Ct) + Cysin (m:Ct)) * (5in (#)
we write this

nrnct nrnct nmx
u(x,t) = (ancos( l ) + bnsin( l )) * Sin (T) - 3

Where an = CzC3 and bn = CzC4_
Therefore the solution satisfying boundary conditions Is

u(x,t) = (ancos (m;(:t) + b, sin (m:Ct)) * Sin (g) - 3




Initial condition:
1) u(x,0) = 0 Since the string was initiallyatrest = putt=0 in (3)

nrmx

0=(xt) =(a,) *sin (T) = a, =0

nmx

therefore eqn 4 becomes u(x,t) = (bnsin ("’”T“)) * Sin (T)

Adding for different values of n

The solution becomes u(x, t) = Y%, (bnsin (m;“)) % sin ("—?x) - (4)
by (%)tzo = Ax(l — x)

au ib e (nﬂx) (TUTC) differentiate (4) w.r.to t
— * — —
it n€0s( l ) * sin l l (differentiate (4) w.r.to t)

n=1

when t=0, Ax(l —x) = YXp=q by * sin (n_?x) (?)



—Ax(l — X)=).m=1 b, * sin (mltx)

Which is half range Fourier series

[half range Fourier series for the function f(x)is given by

f(x) = %2y by * sin(=>) where b, == (f, £ (x) sin (“1) dx) and Lis the
length )]

here coefficient of sin is nb,, and f(x) = ;Ax(l —X)

therefore nb,, = % nc)tf x(l — x) sin (mx) dx



applying integration by parts

~cos (°7°) i
B 21 o Sln( I )
nb, = — _(x(l — x)) * l —(l—2x) x| — 2 + (—2)
2
cos ()
" n3m3
[3 dx-0to1
. [(—2) * (n;;)(cos(nn) — cos(O))]= :3/::6 [(-D((=1)" = 1)]
nby = L [(1 = (~1)")] = by = “22_[(1 = (~1)™)]

therefore the required solution is
u(x,6) = T miee [(1 = (~DMsin(5) = sin (4

n4nic




