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ol i
Put pn = m, then
K% 2% = ¢ ), x(m)ei@/pm
L Z(e%) = ;E;IZ/P)
Hence ﬁhe proof. : Ll |
(e) Frequency-dilferentiation: If x(n) &TE) X (eln)
ther : DTFT  d

—Jnx(n) —— —x (eJ'Q)

- Y RrTo
/—.q

Y :

e |

Proof. We have,

(o]

XE = 3 xmyeion
n=—oo

& Diﬁerenﬁaﬁng both the sides with respect to ‘Q’ we gét

'-m;’

"i’HJ

; 5 o
d—ﬁx(em) o (%[ 5 x(n)e_pn]

—-—'00

Changing the order of differentiation ang Summation we get,

d % e BRI At
%)= 3 s (556‘39“)

= D H()(=jnye-ion

lla-—eo

Z [“Jnx(n)]e*lg"

Il-——oo

i
o
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4 -

| . )) is known as Fourier T
x(jw) 18 : . ransform ' ,
p forms 2 FT pair, which can pe expressf;(dF:;) of x(t). Alternatively, we say that X(jw) and

A0

x(t) 5 ¥ i)

iw) is the frequency doma; .
pere XU N Tepresentation of the time.damain < o X(iw) is
150 known as spectrum of x(t). X(jw) is non-periogie e time-domain signal x(t). X(jw)

K _ _
EqD- (C’J.Zfs)rltsra ::f\;/;lrr?SX Sy.nrheszs €quation and eqn. (3.27) is known as analysis equation.

The Fouri€ o (jw) for a continuous-time signal x(t) exists if the following con-
siions (referred to as Dirichlet conditions) are satisfied.

i x(t) is abSolutely integrable,

1., f|x(t)|dt < 0o

ii) x(t) have a finite number of maxima and minima within any finite interval.
iii) x(t) have a finite number of discontinuities within any finite interval.

The above conditions are sufficient but not necessary conditions.

37.1 Properties of FT

In this section, we will discuss the different properties of Fourier Transform. They are,

(a) Linearity

(b) Time shift

(c) Frequency shift

(d) Scaling

(¢) Time differentiation

() Frequency differentiation
(@) Integration

) Convolution

1 ) Modulation

Scanned by CamScanner



s 4 WUl
(j) Parseval’s theorem '
(k) Symmetry
(a) Linearity: | | o T, y(jw)
' If X
S Y(jw)
and y(®) ' .
t) (..ET-—-) Z(Jw) = aX(.]w) + bY(JQ))
then 2(t) = ax() + by(
Proof. We have,
X(jw) = f x(pedt
Y(jw) = y(t)e'j“”dt
2wy = [ 20ed
- f [ax(t) +by(t)]e_jwtdt
=a f x(t)e_j“”dt+ b f y(t)e‘f“”dt
Z(jw) = aX(jw) + bY (jw)
Hence the proof. '

(b) Time Shift:

fox) < X(jw)
then  y(t) = x(t — to) LN Y(jw) = ek ¥(jw)
Proof. We have, | | .
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" Y(je) <
Jw)~fy(l)e“ﬁut

=00
o

N fx(t — to)e—jwldt ‘
f"’to =a, then dt:da e )

dt

oo

Y(jw) —
(Jw) = f x(a)e=iolat,) da

=00

(o]

= p~Jut ,
e ofx(a)e-jwada

=00

Y(jw) = e"j“"oX( jw)
Hence the proof.

Frequency Shift:

©

Ifxt) <% X(jw)
then () = e®'x(t) o Y(w) = X(j(w-B)

Proof. We have,

.~ Hence the proof.

3 i1 .
st e
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438 ‘ 3. Fourier Represen tatio,
S of o)
§j
(d) Scaling: N‘ \

o) — X(jw)

then y(t) = x(at) LN Y(jw) = ix(Lw_)
la| \ a

Proof. We have,

s e
If ‘@’ is positive i.e., g > 0,

Put at = T

’

dt = ld’r
a
;. Plmy=d e
=7 x(t)e VaTdr

Y(jw) = é ( %‘“) o

B 3 o s
If ‘e’ is negative 1.e., g < ()

Put

—alt =T,

dt = —ld-,-
a
1 —00

E Y(jﬂ)) = - —jw
(o]
— 1 2 L
& f X(=1)e a7 dr
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a
d eqn. ’ 3.29)
Frolﬂ eqh- (328) and eqn (329) we get, ( )
Y(jw) = (qu
lal )
o ce the proof.
__ gifferentiation:
0 £e
|| 10 RS X(jw)
a'x(t)
th FT '
i dr > JwX(jw)
proof- We have,
g hiip .
b= jw)e’! 3.30
o\ 7 JX(JW)E dw (3.30)
Differentiating both the sides with respect to ‘t’ we get,
dx(t) d |1 f” y
== d
dt dtL X(jwye™dw
Chahging the order of differentiation and integration we get,
dX(t) - fX(]w)( e]wt) dw
= L fX(jw)jw.ej“"dw
2r
( jw 3.31)
dx(®) _ 1 f (jwX(jw)e'"dw (
dt 2nm
- get,
Comparing eqn. 3.31 with eqn- 3.30we g |
dx® L, jwX(jw)
dt

~ Hence the proof.
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L rentlatlo n: FT X( ]w)
(f) Frequency diffe ¢ A0 k——;’ M
pen j® < dw
€
| 5 |
~jetdt
' e
Proof- WeIE0 X(jw) = f 0 | )
—-00 ‘:
tw’ we get,

w) _ 4 f x(t)e‘f“"dt}
dx(w) _ dw[ .

o0

i i e ge‘

aXG) _ [ x(t)(ie—fw) d
- ow
dw

Interchanging the orde

—00
o0

_ f x(0) (—jDe

—00
(o]

dX(o) _ f [ jrx(®)e "ds :
dw ,

-0

Comparing eqn. (3.33) with eqn. (3.32) we get,
T dX(jw)
T dw

—jtx(t) ¢
Hence the proof.
(2) Integration:

If x(t) 62—) X(jw)

t

then fx(*r)d-r (—__) i] )+ X( 0)5((1))

=00

PrQOf- Rc_fc_a'r to example 3.94.
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o o |
I | |
and -y ei Y(jw)
then 2(t) = x(t) J
YO — T Z(jw) = X(jw)Y(jw),
proof- Vi bEve
X(jw) = fx(t)e‘j‘“’ dt

[S¢]

Y(jw) = f YO gy

=00

.00

L Z(jw) = fz(t)e_j“"dt

00

f [x(t) * y(©)e ™" dt

—00

B} f U x(f)y(t—r)dr] eI dt

—00 (o0]

Changing the order of integrations we get,

Z(jw) = f x(7) L f y(t-r)e‘fwfdt}dr

—00 o0

Put t-7=a4, then dt=da,

Z(jw) = f X(T)fy(a)e’j“’(“”) da dt

—00

f w(r)e T f yla)e " da
. Z(jw w) = X(]a))Y(Jw)

. e
Th domainl!
* Therefore convolution in time

441
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' // . \ np&_,
442 %

(i) Modulation: . ‘-ﬂ;) X(jw)
I Wy —— YU

FT

d 1 ‘
" — Z(jw) = - [X(jw) » y( Jw)

Z(t) = x(t))’ (t) ]

then

Proof. We have,

g

X(jw) = f x(Oe " di

—00
o9}

Y(jw) = f y(®e " dt

—00

o0

 Z(jw) = f z(t)e'j“”dt

—Cco

20) = [ oyl ar
We have, 3
x(t) = % f X( J}B)e’ﬂ’dﬂ

Substituting eqn. 3.35 in eqn. 3.34 we get,

o0

Z(jw) = f

=00

o}

1 . |
3 X0l

—0Q

Changing the order of integrations we get,

. 1 o0 ©0
Z(jw) = o™ f X(jB) f y(t)e"j(“"ﬁ)’dtdﬁ

— 1 r .
o f XUBY (j(w - p)ap
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. 443
(i '« theorem: ——
: se\’a] S

Y If
Il N x(t) WL, X(jo)
then f |x(t)|2 17
36), IX(jw)P is known .
" eqh- € . as energy density spectrum of the signal x(t).
w that the Left Hand Side of eqn. (3 ) ,
§no , an. (3.36) is the energy of the signal x(t).
proof- We have.
E= [ o
= f x(t)x™ (t)dt
— fx(t) \L fX*(jw)e_jwtdw\dt
2
Changing the order of integrations we get, |
E= L f X" (jw) {, f x(t)e™ " dtkdw
2n -
e f X*(jw)X(jw)dw
2
! jw)*do
2 !
[oe]
00 1 . oN2 d
_ | X(jw)aw
[ woPde = J P
—00
—00

~ Hence the proof.

k) Duality: . 0 oy X( jw)
V. FT -Ww)

s 2mx(
hen X(j{) ke |
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;S s Ny

have, = , \
proof. We o2 L [ xgea
M0 = 77

A -0

’ et
nging c[a aﬂd ‘(l) We g ]

Intercha =
L ot
_ | x(jnedt
x(w) 277[

'Reblacihé_‘w’ by ‘~w’ we get,

1 o~ jet
.ww=§f&wk“¢

- zﬂ-x(_w):fX(jt)e—jwtdt
gz T By

Comparing eqn. 3.37 with,

o

X(jw) = f x(te™ /' dt

-0

we get,
FT
X(jH) e— 2nx(~w)

. Hence the proof.

() Symmetry: If  x(t) 5 X(jw)
then (i) If x(r) is real, then X*(jw) = X(- Jw)
(1) If x(r) is real and ever, then Tmg {X( jw)} =0

[i.e., X(jw) is purely red
(1)) If x() is real and odd, then Re{ X( j_w)} y red]

=0 [ie., X(jw)is purely imaging|

P
roof. It x(t) is real, x(r) = x*(f)
Let = 2 .
) = xe() + xp (1) sy X(jw) = Xg(jw) + jXi(jw) ik
We have, _ r N oty
O =5 [ Xuperng, o
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: Sys[enls
Sis'ﬂa” omplex conjugate oy, 1,
g C
Tﬁkmg Oth th& SidEs, 445

oo
x*(t) = L J\X*
27r_°° (](.u)e“Jwr do

1 00
2 fX‘(jw)ej(-w), du

(3.40)
i . (3.40) wi ,
Fr .
x(t) —s X*(—;:
Ty = 2y (3.41)
grom eqn- (3.39) and eqn. (3.40) we bt
X(jw) = X*(~ ju)

| Taking complex conjugate on both the sides, \

}

from eqn. (3.38) we get, |

x(—t) = xe(—t) + xo(-1)
= xe(t) - xo(t)
L M0 = X — 5 = Kjo) =X () .
= Xg(jw) - jXi(jw) (3 _)

Adding eqn. (3.38) and eqn. (3.42) we get,
20(t) s 2Xr(j0)

() = Xe(w)

en signal is purely real.

Therefore, FT of real and ev
g) we get,

3
Subtracting eqn. (3.42) from ean- €

Therefore, FT of real and od
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§ |
\

of the signal,

Fouriel transform

W Obtain the
x(t) = e~ u(t) ca>0
Draw its magnitude and phas¢ spectra
Solution. We have
o0
X(jw) = f x(pe W dt
—00
(e8]
X(jw) = fe“”e“j“”dt
0
o0
= f e—(a+ jw)t dt
0
—(a+jw)t o0
= _,_-——"‘_’_
—(a+ Jjw) o
|
w) = . a>0
X(j) a+ jw
1

KGO =

yX(jw) = —tan” (@/a)

The magnitude and phase spectra are shown in Fig. E3.69.1 and E3.69.2 respectively.

Xl

f

t
g
. 4
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@ Find the Fourier Transform of,

praw its spectrumm

Solution We have,

x(t) = e~ ra>0
X(jw) = f x(t)e ' dt
X(jw) = f e~ Mem 1 dt
—00
0 - _
_ fe‘"e—jwtdf'l’ fg’a’e—det
—00 | 0
0 A -
_ f NCS jot gg + fe—(aﬂw dt
—00 0
' 1
L
Ta-jw atJY
2a

X(o) = Zrat
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et e T CSehtay
< 'O

. . e purely real. The specy,.
(t) is even symmetric, X(jw) 18 P y et
Since the given x(U) 1

Fig. E3.70. s

Fig. E3.70.

W Determine the Fourier transform of the unit impulse funﬁ
: . :?" '.-‘ 5 . i.e., x(t) _ 6([)

Draw its spectrum.

Saluﬁo_n. We have,

X(_]U-)) = fX(t)e—jwtdt
X(jw) = f S(t)e " dt
=e¥lo [ sifting property]
X(jw) =1
The spectrum is shown in Fig. E3.71.1.
X(jw)
el 1
0 w
Fig. E3.71.1.
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o
f x(©)ldr = f i o o

" Dirichlet Condmoln 1S not satisfieq
iG-! Ome Of the propertles Of FT.

s .
| 558 i Juality property we have,

. Bu
L We can show that the FT of x(t) = 1 exists by

Fr
20 < xgo)
fhen X(jn) = 2nx(-w) (Duality property)
e haves | '
a(t) LI
. Using duality property we have,
FT

1 «—— 2m5(-w)

put §(—w) is an even function. .. 0(-w) = é(w)

Lox) =1 <—FT—> 2n6(w)

Find the Fourier transform of the signum function.

Example 3.73

ie., x(t) = sgn(t)

Draw the magnitude and phase spectra-
Solution. The signum function 18 defined as;

sgn(t) = 1 120
— -1 ;t<0

—
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Fig, E3.73. B

i
E
E

me we get; ]

) with tto ti
Differentiating x(t) = sgn(t) with TCSPCC_

dx® _ sy
dr

Taking FT on both the sides using time differentiation property we get,

jwX(jw) =2
 Xliwy = 2
S (Jw)-=jw
2
S X(w) = —
. a) . N
a:xuw)=—g . &> 0
m
= 5 s w<0

The magnitude and phase spectra are shown in Fig. E3.73.1 (a) & (b) respectively

IX(Gw)|
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Fig. E3.731,

o Bt 3
Fmd the Fourier transform of unit step function.

Given: () = u(t)

fion-
gt ignum function can be expressed in terms of u(t) as,

The S

sgn(t) = 2u(t) - 1
: 1 1
cu() = > + Esgn'(t)

'ngFT on both the sides we get,

Flu®) = (1)27r6(w)+ (sz)

1
= 71'5((1)) + —
jw

m For the rectangular pulse shown in Fig. E3.75, draw the spectrum.
x(t)

_TO
Fig. E3.75:

luion,. From Fig. E3.75 we have: T <t<T

t) = 1 ) '
x() 0 otherwise.
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We have,

When w=0; X(w)= 2T
The spectrum is shown in

NIVA

X(jw) =

3- I"OUI'ICI' I‘CPlcbe']tatio
n

o0

2 = f Ao dt

—00

e—jwt
— —

__jw

-T

7 T
2 sinwT
w

[Using L-Hospital’s Rule]
Fig. E3.75.1 below.

X(jw)
2T

A

S
of Sl‘gn
a[,

\_// =

A
\J \_SFO

NYARY

Fig. E3.75.1.
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X(wy =1

= W Sw<w
, ) Olherwisc
ats
Wwﬂ‘ :
? x(t) 1 .
= erX(Jw)erld
w
x(t) - L wt
o l.elty
=W
_ 1 | edwt w
el
= —L (efWT _jwi
2mjt ¢ )
X(t) = Sln(Wt)
‘ mt
w
x(0) = — [using L-Hospital’s Rule]
'gnal x(t) is shown in Fig. E3.76.1 below.
he 81

x(®) |

IE

gnal,

—

' the si
W Evaluate the Fourier transform for the

(t) =€t 1)
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Golution. GIVE™

We have,

x(t)' = 14
X(jo) = f x(t)e ™ ds
X(jw) = fe’gt St
o
__fe—(3+jw)fdt
1
ED
X(jw) = 3+ jw

e"3 .

o X(w)l = N

and ¥X(jw) = —w — tan"l(w/3)
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x(t)

Sy
- 5 ' t
~]

Fig. £3.79,
| o ~ From Fig. E3.79 we have,
ol
X(t)Zl ; _2'<t<0
=-1 y 0<t< 2
=0 ; otherwise
| WEhave9
X(](U) = fx(t)e_jwf dt
0
-2
2
f —]wtdt fe jwt dt
-2 o
2[cos(2w) 1]
X(jw)=—"">_
o in signal corresponding to the following Fourier

RESPERTY Determine the time-domain s

tl'ansf()rm. .-
X(jw) = € uw)
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Solution. We have,
1
() = 2
x(t) = Ey—r
0
= -l—fe—(
2n
0
1
x(t) 271(2 = jt)

IDCTEREIN Determine the time- -domain signal corresponding to the Spectry h

Fig. E3.81 (a) & (b) respectively.

X (i) *X(w)
) Y - 4
) 0 2 @ -2 0 2 @
“1 —Asimeina
(a) (b)
Fig. E3.81.
Solution. From Fig. E3.81 we have,
X(jw) =120 C —2<w<?
= ; otherwise
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g 45
i s,

) ‘
L C o
- — I—
o | © 2 dw
-2

sin(2(t — 2))
N il

. t) = -
. x(0) O 't
_=
B = .
4 2 [Usmg L-Hospital’s Rule]
/ . ———— —
Determine the time-domajp « ;
n .
e % & (b) respectively, Slgrfal corresponding to the spectrum shown 1f
: s ¥X(w)
w
1 |
2
-1 I _J
2
(a) (b)
Fig. E3.82.
Solution. From Fig. E3.82 we have,
X(jw) =1-e" =} , —2<w<0
—1.e_j”/2=—j ',0<(1)<2
- . otherwise
We know that,
1 . jwt
= — X( U.))eJ dw
x(t) o f J ,‘
Hia i E 0 2
E __1_. f“ . el dw — JJ - edw
2n
=2 0
1-cosh) .14
0=
- t=0
=0 L
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3. Fourier Repreg R
458 entatjo Sk
g
v te the Fourier Transform for the signal x(t) shown ; or%
Pvample 3.5 R Y
' x(t)

. 5 1 By ‘

=1 0] 1 2 |3
_1----

Fig. E3.83.

Solution.. From Fig. E3.83 we have,

x(t) =1  —1<t<0 ; l
=2 ;0<t<1 ' &‘
=-1 ; 1<t<3 '\

- otherwise

We have,

X(jw) = f x(t)e /et dt
0 1 3
= fl 'e_jwtdt+f2'€_jwtdt—f1 . e‘—jw['dt
_11 0 .
X(jw) = J_w(l + el _ 3e—jw + e—j3w')

Example

st <1

Solution. We haye, It > L

o]

X(JO.)) = fx(t)e-jwt dt

s 1
= f [1+cos(7rt)] eIt 4

WS-canned by CamScanner
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= 1. _ 1 ‘ _—/

- . 1 <

- e Jwt ;

f dt + el + e~ Jnt

| S A -

3 | e wdf® 1
-1 t+ f e~ Jmrw) dt

-1

| Determine the ¢
| Ime-domain « |
W amn S1gnal corresponding to the Fourier transform,

2 s lwl < o
=0
; otherwise
Sﬂmtwn' We have,
1 (o o]
x(t) = >~ f X(jw)el o
/4
x(t) = — f[cos (%)4. jsin (_)] eIt
-
b/
=L ey,
27
-
T
== fej‘“(%“)dw
2 '
-

cos(rt) 1
)= ——— t#F—5

0= e 2
; [Using L-Hospital’s Rule]

=1 y L=—3
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. ' - b
determine the 1inverse Fo“ﬂerm
S

460
; 5 jw + 12 an ;
X = Gt + 510+ 6 |
Solution. Given: | Sjw+ i3
Ly v
X(]Lt)) = (_]0.))2 + 5_](1) 4 6
5w +12
= Gw+3w+?2)
By partial fraction expansion wevget, : ,
LN — T —
X(jw) = (jw +3) (jw +2)
Taking inverse Fourier transform we get, '
| ) 1
- -2 ie at
x(t) = 3¢ 3tu(-t) +2¢ 2 u(t) e u(t) e T
x(t) = (et + 2¢")u(t)
—

rm of,

m Find the inverse Fourier transfo

X(jo) = oy + 3jw +2

Solution. Given :
. - jw
X(jw) =
U ), (j) +3jw +2

v
(jw + 1)(jw + 2)

—_
—

By partial fraction expansion we get,
. ualar
(jw+1) . (jw+2)

X(jw) =

Taking inverse Fourier transform we get,

- x(t) = eTtu(t) - 2e”u(t)

WU o
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|
|
|

| (sin

g time differentiation property we get

d

bl PURTE FT

Tl e uo) S ot
@+ jop

d
x(t) = I [t e 2 u(t)]

= (=2t- e 4+ ¢ Myy(t)

x(t) = (1 = 2t)e 2u(o)
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ns 0.
462 | «Sgh
B0, spownin Fig, E3.59.1below \

Solution. The plot of 5

s(t+T) -
I— t
T 0 f
-5(t-T)
Fig. E3.89.1.

O _ sq41)-80-T)

We have, t : o
Taking Fourier Transform using time differentiation property we get.
ij(jw) = g jwT _ e—ja)T
o jwT _ e jwT
X(jw) = Ja
2 sin(wT)
w

e WIREIN Find the Fourier Transform of the signal x(t) shown in F1g E3.90 bel,
Wi,
time differentiation property.

x(t)
2

AN

=2 0 2

Fig. £3.90.

Solution. From time differentiation property of FT we hay
B

I 30 5 X(ju)
then dx®) e
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~26 (1)
(b)

| .
Fig. E3.90.1.

d?x(t) |
2 Ot +2) — 28(t) + 6(t - 2)

Takillg FT on both the sides using time differentiation property we get,

(jw)X(jw) = &% -2 + 72
9 _ gl _ g2

X(jw) = ——
2[1 '—'cos(2w)]
= 2
| 2 sin(w)\
| X(jw):(,.__—w |

I ignal,
RENPRESN Find the Fourter transform of the S18
x(t) = ¢~ M sin(2t)

sing appropriate properties.

Scanned by CamScanner



Solution. Given :

x(t) = ¢ Msin(2h)

Ll

__———T—’-
2j:

1 [eﬂ‘e.‘ 3 :eij2te3lt|]

—_—
—_

—
- .

2j

We know that,

Using frequency shifting property,

ej2té—3|t| E) ’ __'6 A
9+ (w—2)?

Similarly,

_ine _ag FT© 6
e T2

Example 3.92 BT the Fourier transform of | S

I
(]

w0 = ) kit -k)

& sl < 1

Solution, We have

o0

Xo) = [ aqgerion g

=00

0o

, = fZ a'k‘,d(t - kT)'e,—j“-’t dt

—-00 k=0
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N o= |
,,a” N
sl" o order of integratiop ang
ll

ﬂi

of
fting property unit impy|ge fUnCtion We oo
get

Usjﬂg

.
It
o

. 1 o
X = 1
(](1)) ] — qe~JoT [ Zan = ——1 > lal < 1}
n=0

W Find the Fourier transform of the following signal using appropriate proper-

oS o '
 x(t) = sin(mt)e 2 u(t)

x(t) = sin()e > u(t)

[ jrt _ —jnt a3
— [_e__—e‘_} e 2tu(t)

2]

| | P S Y,
We know that, o 1
. ., (
Uing frequency shifting property W¢ 8¢ !

' FT {5t & e
ome 2u(t) < 24 jw - m)
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J. rourier Repres‘_, nt

At
// \
§

property we gets

Using linearity

T,
1 i it) < 3 2 i 2+ l(w 2+jw—m)
'2}
Similarly, o gy b i
_l_.e_jme-ﬂu(t) = 'j} 2+ jlw +7)
2] : 1 ___,_1__ 1 '
x(t) = sin(rt)e” u(t) E J2 2+ jlw—m) m]

, 1
1 S L. S
X(j“’):j_i[m 2+j(w+7r)]

N

e ALY Prove that,

() —— X(jo)

t (i
then f x(t)dr <_F_r—9 Eiu w) +71X(j0)5(w)

Proof. We know that,
x1(t) * xp(t) = fxl(‘l')xz(t T)d‘[' &
3
Take x1(t) = x(t) and xx(t) = u(t).
Substituting these in eqn. (E3.94.1) we get,
x(t) * u(t) = f x(Mu(t — 7)dr B
But, )
”(t"T)z,_l =720 je, r<t.
=0

| | ' L=7<0 je, 7>t
", eqn. (E3.94.2) becomes, |

x(t) % .
u(t) _ l x(T)u(t~T)d‘r+ f W dr |
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t
4l
L x(‘r)d'r\ =F [x(t) % u(t))

| cOnVOllltiOD property we get,
|F Ugiﬂg
l
| F [ f x(T)dT] = X(jw) {Nﬁ(w) + i_] | {
/- jw { Flu(t)] = né(w) + J—w}
_ X(jw) ,
T e T (w)s(w)
t
e _ X(jw) ,
F [ f x(n)dt| = 0 +rX(jO)o(w) [ sampling property)

t

-
f HO)dT 3{;” ) 4 2X(10)5(w)

=00
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- Using duality Pr

X(GO=Er 1 ,
2 ﬁl 2M—Iw

t2+]

TP nsform of the signal x(t) using appm
Crt,
S,

W Find the Fourier trd
d [te’2l sin(t)u(t)]

x(t) = 5

Solution. Given:
d . ot
= L sin(u(t)]
x(t) dt[

_ [MJff%giqum]

d
dt
1

| e

2

[tejte’mu(t) - te—jte_ZtM(t)]
t

~
au

We have, 1

e 2tu(t) ¢ =,
2+ jw

Using frequency differentiation property we get,
FT . d
te™2u(t) e— j— : .
dw |2+ jw
1

2+ jw)?

Using frequency shift property we get,

tejte_ztu(t) <-_,Fr 1
2+ jlw-1 )2

Similarly,
te ™Mo~y gy  FT el
2+ jw+ P
e i
O ~ et u(t.)]}\)[le\__l,__,—
2+ jw-D2 " 2+ jw+ P
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! | tiation
7& ii ﬁ o AT Property we get,

(e

d
te™ " sin(t)u(t _
dt [ ( )] Tw. L

1

2
J %.{_\‘l*__
=@ I 2+ j(w+ D12

| 2 [[2+\ 1
S ~ DR P —V——
! nd the FT of the Signal 2+ j(w + ]2
n
o given by,

t

/ - Si

=

| -
fl lnfio" From Integration property v have
| If
_‘: then fx(T)dT (_ET__) X(]w) .
| = o TTX(0)S(w) (E3.97.1)
; {fe know that
! Y(jw)
j _ Sln(Wt) FT !
| y(t) = —
| At (Refer to example 3.76)
i ~w 0| W -
S(jw)
a 1
S(t) = sin(rt) (_p;
it
- 0] =« @

Using eqn. (E3.97. 1) we get,
i

t t
x(t) = f s(T)dr = f SH;ZTT)d BLLIR X(jw)=m cw=0
L ~ |

= - y —n<w<rm

;. otherwise
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S,

—Mag; 1
. . ; W, ‘eva 3
1 x(t) shown in Fig- E3-280€10 L
Example 3.98 @Rty signal ¥ Qang \

i iw)-
ties without explicitly computing X( W

\t
@ [ X(jw)de
b [ IX(jw)dw |
© fXUw)eﬂ“‘dw
d) ¥X(jw)
(e) X(j0)
x(t)
1
/\ + ‘\ 4 t
B RV I\Va
—] 4-mmmmmmme =2
" Fig. E3.98.
Solution.  (a) We have,
Lo
x(t) = = fX(J(u)eJ‘“ dw
fX(jw)ejwtdw:Zsz(,t). — _ @39\

Wi -

0 in egn. (E3.98.1) we get,

((i)* -:.'- &

Substituting t=

S R

=2r-1

=2n
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3.8 Applications of Fourier Representations\

So far we discussed about the Fourier represemations_for dif'fcrcnl Classeg of
DTFS for periodic discrete-time signals, FS for per iOd_‘C continuous-time signa;tgnah. ,
non-periodic discrete-time signals and FT for nOIl'P“’vnof]‘c Cf)mi“UUUS~limc s ,\'_ ”fFT‘f
Fourier representations are very much useful in the analysis of interactiop belwccf:n ' T":
systems. Also it helps in the numerical evaluation of signal properties or gymm‘ ;
With the aid of these representations the analysis become easy when we deg] (; ) with it
of periodic and non-periodic signals, (ii) with a system that involve both continu0u~a-m:"'l""-
discrete-time signals. For these reasons, we should establish the relationshipS b;mtq.
representations of the different classes of signals.

In this section, we will obtain the relationship between frequency responge descriy
LTI system and the time-domain representations of systems like impulse response ; Ftie-:m-:
tions and differential/difference equation representations. We will establish the relaz; t“
among the representations of different classes of signals. "y

]

Vb
-
0

i,
o
]
R 2
1 1

Yia
““‘fn'n
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parseval’s theorep, v
€ hay
e

f-\x(t)lzdt= 17
L, o0 2

| WGerpay_y, 7
Ki o \x(t)'\ldt
. 0

2

—_
—

w|®

© SubSﬁmtihg t=2ineqn. (AE?;'.98.1) we get

HL

—00

fX(Jw)eJ ‘“dw 2mx(2)

= 2n(-1) = —2n
0 Heré x(t) is an odd signal Xo(t) shifted to the right by 1 unit.
1e., x(t) = x,(t—1)

Taking FT on both the sides we get,
X(jw) = Xo(jw) - ¢

.
We know that argUment of an odd sxgnal is 7.

eqn (E3 98 2) can be wntten as,
|  X(jw) = m&wwhel

mwwwz

Tt

;X(Jw) =57Y

oy = J 0
(€) We have, FEA e

L f(t + 3
1y
: A} dt + \[(1 62 dt + J‘(t 32 dt\

(E3.98.2)
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472 s
N
0 weé gets '\&

Substituting ¢ = =
o0

o x(t) 18 shifted odd signal]

/,;‘;/’
ntations \

o jications of Fourier Represé
ntations for different classes o
Si

) !
i 3.8 App
¢ continuous-tj .
ous-time S'gﬂals,g"als, _

So far we discussed ab
DTFS for periodic discrete-time signals, e - :
for non-penodlc continuous-time . DTP;’*-

non-periodic discrete-time signals and FT
Fourier representations are Very much useful in the analysis of interaction begy, _
systems. Also it helps in the qumerical evaluation of signal properties or g een Sign;{]h]e‘t
With the aid of these representations the analysis becomeé easy when we dea] ){stem ' s i
of periodic and non-periodic signals, (ii) with a system that involve both ¢ (1.) With 5 I:}flgw
hould establish the relatior?:}:muou&t' ml“"re
1ps betweeeaﬂd

represe

out the Fourier o
FS for period!

discrete-time signals. For these reasons, W€ §
reprIese’r]ltanons of the different classes of signals.
n thi ' ' ‘ ' '
s section, we will obtain the relationship between frequency res
ponse (.
€SCrips:
Criptjg

LTI system : ;

tions ;’nd . ;!:ri tht? tlmle-domam representations of systems like impuls

among the 1 ennal/@xﬁerence equation representations. We will © FeSPOHSe re
epresentations of different classes of signals establish t

T eSen
fe relationshjt;

_\

3.9 F
. fequency Response of LTI Systems

3.9.1 |
2.1 Impulse Respons
e

In thfsS .
tesponse of gy 1S
.- otan LTy
ind diserare - YStE tiongh;
Tete-time Ty syst © Impulge re e between the f
§ for ~°POnse eque
MSaFT apq DTEIi:l*]lfj fequency r:scg response and the impul
pairs e onse of a continuous-tim

SpeCtIVely.
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474 P
0

‘ fe“"’wt ik f (O g

“i-je 1+
2

—

H(jw) = 7§ u?

—
ti -t
e RBLL] Obtain the frequency response of a continuous-time LTy Ysten,

W
in Fig. E3.100. "o in

pulse response A(t) is as shown 1

h(t)

I -
_lloll

-1
Fig. E3.100.

Solution. From Fig. E3.100 we have,

ht) = =8t + 1) + 6() — (¢t 1)

Frequency response is given by,

H( Jw) = f h(t)e"j“” dt

I

f[~6(t +1) +6(t) - O(t = 1)] g~Jet dt

= —e/¥ 11 e Jw
H(jw) = 1 - "

[using siftip
2 cos(w) HEeen]

T DA T : ‘j
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sency response and plog e

/

Magnityde ,
ENitude g Phase response,
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3. Fourier Repres

476 [,

-1(wRC) and is shown in Fig, B3 o
VL2
S H(jw)

‘The phase response. X ( jw) = —tan

n

__________________ --=--13

=15

Fig. £3.101.2.

Draw the fre e
fesponse, quency response of the system describeq |,
> Y the .

ht) = 6(6) - 2¢™u(y) oy,

Solutio,,_ We have

F . [
Tequency respopge H(jw) = f h(t)e~Jt 4

[84]

= [(stiemiorg T
- - x eﬁzte"jw't
dt

=00
0 )

e"(2.+jw)[

dt

¥ &l Gty

BT

_. I

[\ ]
T

\2

g ,
()
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-~
______

eIk

| » 4-
g iample kB{IX¥ Obtain the frequency response of a discrete-time LTI system represented by
e impulse 1esponse, |

1 n
: h(n) = (E) u(n) I |
' Solution. The frequency response of a discrete-time LTI system is given by the DTFT of h(n).
HE®) = ), hwe ™
n=-—00 “‘
00 n it
-5
2
n=0
iQy ,__}_——-—
2y = ;
Frequency response H(™) = |- %e—;ﬂ
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3. Fourier Represen

I
478

of a discrete-time LT s
Obtain the frequency respopse : LTI 5 "
Example 3.104

e A = %( 5)

is given by,
Solution. The frequency response 1S gl

00

1) = 3 e
n=-co
15 (7 g\
= - 1 =e J
5 2:(57)
g 1
Frequency response H(e™) = g - — 1o-i0
m Find the frequency response and the impulse respm
the output Y(t) for the input x(t) as given below, ° S ;

iy ayiug
XU =e"u(t) and y(t) = e 2u(t) + ety
Solution. Taking the FT of the given input and output signals we

get,
X(jw) = 1
l] — I—"+_7.—_-
and Y(jw) R + —

2+ jw ' 3 + jw

" The frequency feSponse H(jy) = Z(iw_) = I*ii-w + L";J_‘i’_
. . X | .
Using partjg] fraction €Xpansiop, e " 2+ 7

3+ jw
H(jw) = 9 “1- ~ \2-
o 2+ ju 3+ jw
Ng inverse pp € get the Impuge I'e€sponge
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(E3.106.1) e get,

i DTFT Of an'

| gDTFT of eqn. (E3. 106.2) we get,

iTal(iﬂ o :

| o 1

| S { 12 o TR, S
i I'~ sei2
[

.

qhe frequency response,

Y(ejQ) ;

D X(e)

1 -.'%e—jQ

1
—1l,-jQ
4

Tiing inverse DTFT we get,

| 1 1
| Impulse response .. h(n) = Z‘S(“) + (Z)
| .‘

{

n

u(n)- 2

1(1

4

n-1
) u(n —1).
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3.10 Solution of Differential / Difference Equationg

The frequency response is the amplitude and the phase cl;an%;: the syste,m imparg
sinusoid. This indicates that the frequency response 1s Ior the sy sterp S Steaq sto acofn
to a sinusoidal. In contrast to differential/difference equation deS(?I’lpthnS for , e gy

frequency response description cannot represent initial conditions i.e., jt can lon?;ysterﬁ-n“ﬁ -

System in a steady state condition. _ ‘
The differential equation representation for a continuous-time LTT sygte is of [
- 15 Of th o 5
0

i dty(t) i GG M,
a— % = k
ot k=0 ot
Taking FT on both the sides using time differentiation property we get,
N M '
DL a() Y (jw) = Y b(jw) X(jw)
k=0 k=0
3 bl
- k(jw)
H(jw) = 249 _ k=0
X(jw)y N
L ax(jw)k
where H(jw) s ¢ . !
continuoUS~ti)me L'}Il‘; Sf;sfe‘zf;cy refzponse of the system. Thus the frequ
) escribed by a | Cney reg
ratio of two polynomials in ¥ almear constant co-effici . Ponse (f
S$1n “juw’, Alte cient differen; .
time LTI system g : matively, if we haye f 1al equatigy
, a rat requenc .
ential equatiop, 10 of polynomials in ey, e can detennln);iisponse ot a continug
- € Corresponding g;
g differ

k:O

| M
2 ay(n - ) = kZO brx(n - k)

H(éjﬂ) =’@ k;() bk(e‘j.Q)k

Xley = T
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is crete-time system, ha frequen
| ’ C
0" we have frequency regpgng, of Y eSponge jy

1]5’ . a r’ltio . . & _‘jﬂel
M e{y ' o, we can obtain the coy Alio of polynomials in ‘e

SCrete.;
rE’SPOnding diffe time LTI system as a ratio of poly-

e fence equation, Y
.' 1]1ll ' \ '
W ‘ \ | — -

o0
| dt T8O = x)

Giver | AL, + 8y(1)
" | Y(t) =
g ’ g FT on both sides we get, dt x(t)

Y(jw)8 + jw = xq i)

. The frequency response H(jw) = M _ 1 |
. S XGo) " 8v e
niking inverse Kl we get the impulse response,

h(t) = e78(t)

ICRALE Repeat Example (3.107) for,

|

d*y(t)  _dy(t) dx(t)
+5 +6y(t) = ——
de2 ar TOU=—4
N dy(t)  _dy(t) dx(t)
Solution. G : 6y(t) = ——=.
n. Given 2 +5 m + 6y(1) m

Taking FT on both the sides we get,

2t
N

(oYY (jw) + S(jw)Y (jw) + 67 (jw) = ~jw X(jw)
- EEYFTIIR
" The frequency response, Ao

o Y(jw) —Jw
- __.ja) A%
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' ns
By partial fractio” expa 2 3

: mpulse reSP
Taking inverse FT We get the imp*
ing i

ency Iesponse and the impulse responge of the

Example 3.109 Feuei the frequ Sys&m

described by the difference equation,

y(n) + %y(n ~1)=x(n)—2x(n—1)

Solution. Given : y(n) + Ey(n — 1) =x(n) = 2x(n - 1).
Taking DTFT on both the sides we get,

o 1 _o : -
RS (COED (CLRP P ()
. The frequency response,

Xe®) " 14+ I

H(efQ) _}:(ijg_) 1 =200

i 1 ~j
e = I‘_T\_ ~ -\zi
* ie—J.Q I+ %e‘jﬂ

Taking inyerge DTFT we get
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®SCripti
n
: - 1 for the System having impulse
| D= ey
» a® UG

€ freq eNCY responge
H (](U) = _1. 1
| ({a+ g
H(joy= 0w 1
: (Jw) L jad

A9 Y(j) + Y (ju) = x(juy

verse FT we get,

- gngin (0
" =5 Ty =x0

———

/’;tain the difference equation description for the system having impulse

spons

h(n) = 6(n) + 2(%) u(n) + (—12) u(n)

| . 1
g poch & h(n) = 6(n) + 2(—) u(n) + (—5) u(n)
Solufiont: Given : ( 2

Taking DTFT on both the sides we get,
R
H(efQ) =1 % —fj—%-e—_'}a + - %e'lﬂ
P e it
HE™) = yomy 1o

. =1 _Q 4 —e
{——1 e 1] (™) = {]—e 2
4

et,
Taking inverse DTFT we & » [t
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J. r'ourier Rep,—esEmar
lon
484 S

m Find the differential equ

e %
response, 2+ 3w 3(jw)” Wty %Qr
i Hj@) 57 1+2jw |

op !
ation that represents the system Wit s,gt

€5

Solution. Given : qetioc sathi iy
_ Y(jw) 2+ 3jw—3(jw)?
HUO) = Xy~ 1+2jw

Y(jw)ll + 2jw] = X(jw)[2 + 3jw.~ 3(]@)2]

Taking inverse FT (using time differentiation property )

dx(t) 3d2x(t)
dt dt2

ay® , 1 340, 3dx
o P01 T2

m Obtain the difference equation for the system with thm
I e o nc

t
y(t) + ?_,-d—ij,%-)- = 2,1’(0 +3

+ x(t)

e~/

H(e™) =1
U )

Solution. Gj ven :
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Fourier TranSfOrm Rep,-
e

S
4 that FS and DTRg t entat

e :
aussT ’ :
d'sc.o i Jiscrete-time signa|q reg

ion o,

\re i . di c Si g l ctiv:lrler l‘epl‘esem .
¥ ef er10 nals, j Y. a
3" ¢ the p L coulq Evep thougy

. 1 nalS- In thls sept] la Yse ex corp()l'atinx
dic s1g ectlon, b 4 a e involy: g
and DTFS representatiopg. diseyg ¢ ey
1

f p
W s,
u“on i

| an";‘;

jonship be
| 1 pelati P tween FT ang FS .

p 4 that @ periodic Continuous- iy, ignel
nal x

| (k) are FS coefficients.
| \vheis . know that,

5(t) &5 1

Jsing Juality property we get,

FT
| 1 & 271 6(-w)

TEE and even signal we get,
gnce ‘17 18 real g g

185 2 6(w)

Using frequency shift property we have,

el E, o 8w - kwo)

We have,

(o = | 0

i e get,
Substituting eqn. (3.43) in €4t (BADW
| xG)= | 4

% —00

—
Periodic Signals

liong for
the

Periodic continuous-time
and DTFT does not con-

i

ot dt

i mpulses in the represen-
. 'Tg.‘d mixture of periodic and
"ship between (i) FT and FS

) wi
(©) with fundamenty] frequency w, can be

(3.45)

(3.46)

(347
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Changing the order of integration and summation,
[o] b _ :
S fo) ) . il
X(jw) = Z X(k) f eIRwntgmin gy .
; k=—co Y ' rs ) ; , ’ |
ET. ()F;jkw,,t Vi A (343}

Substituting eqn. (3.46) in eqn. (3.48) we get,

X(jw) = 27 Z X(K)6(w — kw,)

k=—c0

Therefore, the FT of a periodic signal x(7) is a series of impulses ge
mental frequency w, and the strength of k™ impulse is 27 X (k).

For eg., consider that Fig. 3.3 shows the FS representation of a continuoyg.+:
with fundamental frequency w,. Slime Signy

Parateq by the r‘ |
llnda‘

Ly

X(k)
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_/
If e
| Find the FT Iepresentati | b
| / on for the Periodic signal x(t) = cos(w,t) and draw
I oy
1 mgsPec Given
f Sﬂmﬂvﬂ' x(t) = COS(wot)
| 1
l xt _ - jmot 1 _'w
(t) 567 + % Jwot (E3.114.1)
|
: have’ 00
We . x(t) = 2 X(k)efk“’o’ (E3.l]4.2)
k=-—0
Jring eqn. (E3.l 14.1) and eqn. (E3.114.2) we get,
(omp A 1
2
1
X-1)=-=
(-1) 5
XkK)y=0 ;k#=+l
The FT of x(t) 18 given by,
X(jw) =21 ) X(k)3(w - kwo)
k:—oo

= 2| X(1)6(w ~ wo) + X(-Do(w + wo)|
X(jw) =mdé(w- w,) + 7 8(w + W)

The spectrum is shown in Fig. E3.114.1 below.
X(jw)
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N il S 1

/// — "'"at;ons ¥
e g

58 . - for the periodic si S

tion or p gnal

Obtain the FT representatl O Anq q &%h

M&) = sin(wo!) : ra“’

Solution. Given :
x(t) = sin(wo?)

ja)()t —_ ._I_e_']wg[

() = 77¢ 2j

We haves ®

Xtk)=0 ; k#=l
The FT of x(t) is given by, |

X(jw) = 2x Z X(K)6(w — kew,)

k=—co
= 20[X(D8w - w,) + X(~1)5(e + w,)]
Xw) = ~jr 8w - w,) + jr 5(w + w,)

1 1 . . . 5- 2 respect. e

Scanned by CamScanner |



489

Fig, E3.115'2.
‘ — . -
| For the signal x(t) shown in &
% P I Eg. E3.116; determine the FT and draw the
| m. S
| nitud"f spect™
?mﬂg x(t)
" + — : : : : : ¢

-4 -3 -2 -1 0 T 2 3 A 5
Fig. E3.116.

| i I 16 we have
, observing Fig. E3.1 ve,
- (plutiom- By "

T =1 and w0=?—;2n

WC haves ' |
1 - jkwot g
= — | x(t)e
xt=7 | .
(T_), »
X

_ k(2
= fe-"te Jk2n) dt

0
1

. [etm2e
J s
-1
19
X(0) =14 jonk
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lon
s

The FT is,

 X(w) =21 ), X)W = kaw,)

k=-00

= 1-e!
X(jw) =21 2 {1 T j27rk}=6(w 27k)

k=—00

The magnitude spectrum is shown in Fig. E3.116.1. [Use sifting Propert

Y]

X(jw)l
0.62 0.62 | i :

P ey

. T w

61 _.—47r -2 0 27 4 6n

- Fig. E3.116.1.
-\\_
Examp]e3“7 Find the Fourier transform of the periodic impm
or, (1) = Z 6(t —kT,)
k=-c0

and draw the Spectrum,

J (ke —' 1
X(k)"f; » W, B %ﬁ
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1.2 Relationship between DTFT and DTFs -

e qudied that a periodic discrete-time signal x(n) with fundamental frequency Q, can be

expressed as,
x(n) = Z X(k)eJkQ““ |

k=(N)

where X(k) are DTES coefficients. =
Then the DTET of this signal x(n) is given by,

Y 3.49)
X(e™Y) =2n > X(k)5(Q — kS) (
k=00 o dey
i e ' separated by the
FT iodic signal x(n) is a series of impulses sep
Therefore, the DTFT of a pent gt ol 27 X

indamenta] frequency {2 and the streng
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odic sequence x(n) with fundarnen

. ri : ta)
jscrete-time P T Ta s pelow. f
For eg., consider that lﬂ %Si 10) as shown ".?‘Flg Tequen
Q, has DTFS (for one cycle X(k) TR S | ¢
[
4 !
-—Té]

Fig. 3.5.

i in Fig. 3.6 below.
The DTFT representation of x(n) 15 as shown in Fig

X&)

47

w Find the DTFT representation for the periodic signal,
| x(n) = cos ( §n)
Also draw the spectrum.

Solution. Given : x(n) = cos ( an

/s
.. Fundamentg] period N = ¢

Se 3 (E3.118.)
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X
?Ih;hc pTFT of x(n) is,

X = 21
| =20 3 xo@- ik
| k=—co 3
. - Specu—um IS shown in Flg. E3.118.1 below.

X (e

493

—

(E3.118.2)

e ey FELELE
Fig, E3.118.1.
kRS Find the DTET of the periodic signal,
x(n) = sm(ﬁﬂ) * COS( 21 n) o

Yetch the magnitude spectrum-
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_— .
- . 3.2 We have, ik
Solution. Referring (0 Example ey | |
X(-2) = "3 (2) >
I
| . ¥(5) = -
e 2r . N=21
& Ql? 21
We have, | . . gir k
X(&/%) =21 Z X (k)8 =
k=—00

i i . . . ]. »
The magnitude spectrum (for one cycle) is shown 1 Fig. E3.119.1 below
o

TZﬂﬂ.
I O

o 4lzr 6I:r 8'7r lbn

I 2 6 I4;rr '2:1' 2n 4n 6mr Sm  10m
'12—(}"7‘%{_2”? T21 721 0 21 21 21 21 21
Fig. E3.119.1.

e
3.12 Impulse Sampling of Continuous-Time Signals

A typical method of obtaining a discrete-time representation of a continuous-time $
through periodic sampling. i.., a discrete-time sequence x(n) is obtained from a oy
time signal x(t) according to the relation,

igng j
tinuoyg.

x;(t) = x(n1) ; —oo<n<oo

[ : : 27T 3
where ‘7’ is the sampling period and w, = P is the sampling frequency in rad/sec. Th
pictorial representation of sampling is shown in Fig. 3.7 below.

x(t) ‘>® — x,(t) = x (n7)

T

s(t)
Fig. 3.7.
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xS(t) = x(t) ;
(e
| n;x, (t=nr) (3.50)
f ppling property of the impulge function ye et
Nk 8
xs t =
(t) n;m X(HT)()‘(t -n7) (3.51)
[ gTof 2 periodic impulse train s(t) is,
The
. 2 |
S(jw) = - Z 0(w - kawy) (3.52)
k=—c0
Tiking the FT of eqn. (3.50) using modulation property we get,
X,(jw) = —X(;w) S (jw) (3:53)
substituting eqn. (3.52) in eqn. (3.53) we gt
m v
o(w - kws)}
Xs(.] w) = ——X(Jw) { kZoo
(3.54)

Z X(J(a) kO)s))

k—-—OO

X,(jw) = 7
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B X(jw) Iy
x(0) i’s’q

i —wn [0 wWh

S(jw) ’

2r -t 0o 7t 2 “2ws  T%s 0 w; o~
x5(t) X;s(jw)
1
el = AUAW/
=2r -t |0 Tt 27 —2w; W ~wh 0wy,
s 2(05 W
Fig. 3.8.

Eqn. (3.53) provides the relationship between the Fourier transformg of

have the FT of x,(t) is periodic repetition of FT of x(t). The entire explap, t?CS(t)-' and y "
graphically as shown in Fig. 3.8. ation i pe ¢

e Pleseny
From Fig, 3.8 it is evident that when,
ws — a)h > (,Uh

| e,  wy> 2,
the replicas of X(j
. Jw) do not overlap each other, C
X5(t) by passing it through a low pass filter, ey B SR b e o
If ws # 2wy, the replicas of |

Fig. 3.9, i
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ﬂffﬁ signal x(t) Can 7
a"" 0% the y "CCOvereq =

rtion or s
rﬂler,asl” disto imply 4 aliasiy, 4By 1oy, DASS flgegin o o o
alt o 1 x(t) is bandlumted With "%, Tiis type of distorion

ff’”ﬂg K(jw) = 0 for |cu1> & i I

determined b hlghe tfre u
gniquely Yy its Samples ta auency of x(t) = )

, ken at rate,
4 PR R

T 2 2(1);1
um sampling frequency 2oy §

, § call
s known as N}qmsl‘frequen cy. ed Nyquist rate and the actual sampling

\
\

signal x(t) = cos(§
| (57t) + 0.5 €08(107t) is ideally sampled with sampling

e

A

ﬁ'o i inimum sampling frequency (i, Nyquist rate)

pind 1 |
o Givenl X(t) = cos(Snt) +0.5 cos(10t)
. siven slgnal con31sts 2 frequency components,
’ w; = S rad/sec. +fi=25Hz
wy = 10m rad/sec. = wy, sfhr=5Hz=f

st frequency 1S Wy = Wy = 107r

ighe
. The hig ling frequency = 2wj, = 20m radfsec  or 2fp = 10 Hz.

) Minimum samp

— ing signals.

W Specify the Nyquist rate for each of the followi

() x(t) = sinc(200t)

fi) xo(t) = sinc*(2001)

fifion, (1) Given: ‘ :
A= e sin(z6)
gﬂ%@ﬁ [ sinc(®) = ~7) x

= 7(200mt)
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..uhs [E
—
e 70

&,, ‘
ii) Given :
(i) Giv () = sinc2(2000)

Sjn(zooﬂ_t)]l S

I . [ 1_ Elcos(4007rt)J
~ (200nt)

w = 400.71'
Nyquist rate = 2 X 4007 = 800~ rad/sec or 40 Hy.

w Determine the Nyquist rate corresponding to the fOllowmg gﬂal

(1) x(t) = cos(150xt) sin(100xt)

(i) x(t) = cos?(200t)

(i) x(t) = sinc(200t) + sinc2(200t)

Solution, (i) Given: x(t) = cos(150xt) sin( IOOzrt)

= ism(2507rt) - = sm(SOzrt)

The S1gna1 consists 2 frequency components

@1 =250r  rad/sec

;fl =125 Hz
@2 =507 rad/sec =25 Hy
" The highest frequency Wh = Wy = 250
* Nyquist rate = 2wy = 500, rad / sec or 2fh = 250 Hz
| (i) Givep: x(t) = cos3(2007rt)
3 |
= 7 ©08(2007t) 4 = cos(6007rt) [ 7 Cos(f) = éco-s(é) +l %)
The hlghest frequep X 4 B
Quency Wh = 600
T rad / gec or f, = 300H;
Yquist rate =9
h =1
2007 raqg /sec or 2fh = 600 Hz
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M’! x(t) = Sinc(zoot) . \ ﬂ

i : Sing?
i“:) it = S0z ‘;icngo(n)
liﬂ .(2007”) + [w 2
_ Sln(z()()m) Om)
- @00m) *3 2 1
- 007ty2 = :
" Jpest frequency wy = 400, tad / e, 2(200,“)2 Cos(400mt)

ig
qhe . or fi =4
Nyquist rate = 5, 00 Hg

h =

8
00 rad / sec or 2, = 400 Hy

0 g ﬂals -
lowr(lv (2:) i) x()x()
W (’3') ) x(t+ 1)

jution pssume that highest frequency of x(t) = whrad / sec
ol .

.+ The signal x(2t) is a compressed version of x(f) by a factor of 2. i.e., the highest frequency

( of X(Zt) = 2Wh-
- Nyquist rate wg = 2(2wy,) = 4w,

i) The signal X (%) is an expanded version of x(t) by a factor of 3. i.e., the highest frequency

t Wh

Ofx(g) = -3"

2
Nyquist rate  ws = §“’h'

(ii) The signal x(t) * x(t) 18 convolution of x(t) with itself.

Then the highest frequency remains same that of x(t) 1.e., Wh.

Nyquist rate wg = 2Wh-
- ation of x(t) with itself.

() The signal x(t)x(t) is multiplication of x(t) with 1tse
Then the highest frequency 1S get doub

Nyquist rate ws = 2(2wn

led i.e., 2Wh-

)= 4wp.
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. ~ 3. Fourier Repres@matio
500 ananama

"sors
v) T ' I

b,
y ion of x(t). '!
(v) The signal x(t + 1) is time shifted versi

Nyquist rate ws = 2w.

t
onon (), ie., | (rdtdoesnot change the frequep, fhe,
(Vi) The integral operation e _ : S‘En;ﬂ

Y -0

" Nyquist rate ws = 2wh,.

The output x(t) of an ideal low-pass filter which ham

) _ . : "
10007 rad / sec is impulse sampled with the following sampling periods.

[N

(i) Ts =0.5x%x 103
(1)) Ts=2x%x103
(iii) Tg = 104

Which of these sampling periods would guarantee that x(t) can be r €Covered frop, its Samplg
Version using an appropriate low-pass filter. ‘

Solution. Since x(t) is the out‘pLitl of an ideal low-pass filter (We = 10007 rad / sec), i
highest frequency wy, = 1000 5 rad / sec.

We know that x(t) can be recovered from its sample version by Passing it through g Joy.
pass filter only if, |

Sampling frequency ws = 2wy,

wWs 2 2(10007) = 20007 rad / sec
fs > 2(500) = 1000 Hz

1
T < —_ == =3
® = Toop = 107
Only T = 0.5 x 10-3 and Tg = 10~4 satisfy the conditiop,
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| %,15 ﬂev’.ew Questions 501

’15 L the appropriate Fourier repreSematio
f ) n

or diﬁ” .
¢ :onals are saj €rent g .
o signa said to b Sses of signals.
e twO ¢ Orth()g()nal y) &

prove the following properye o\
s.

( Onvolution (V) Modulatigy, -Cluenc:y shift
(iv) C (vi) Duality_

¢ and prove the following properties of Fourier sej

si2 T cries.
J ke (i) Time shj
i i inearty = shift (iii) Frequency shift
( ) Time differentlatlon (Vl) Conv()hlti()n

v _

” and prove the following properties of DTET
[ .

(iv) Scaling, )
(Vii) Modulation.

5
) . T : )
" Linearity | (i1) T-1m.e shift (1ii) Frequency shift
Frequency differentiation (V) Convolutiop

(iv)
(hat 1€ pirichlet’s conditions ?
0

(vi) Modulation.

" guate and prove the following properties of Fourier Transform

| (i) Linearity (ii) Time shift (iii) Frequency shift
(v) Scaling (v) Time differentiation  (vi) Integration.

(viiy Convolution (viii) Modulation.

| ) What is frequency response of LTI system ?

) Obtain the relationship between FT and ES.
) What is impulse sampling ?

1) What do you mean by aliasing ?

|
i“1) Yete and prove sampling theorem.

:_(13) What i Nyquist rate?

fro= NN
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i&%’

502 //
- wers

ms with Ans
presentation for t

he signal,

3.14 Proble

P 3.1. Evaluate the DTFS € . | ( o )
+(n) = €08 ( 'j'") 3 7

trum.
Plot the magnitude and phase SPe¢

Ans. Refer Fig. P3.1(@) and (b)-
N =21
1
1
X(3) = 2
I
Magnitude spectrum
(Xl
]l
T 4 5 6 7 8 9 1011121314 15 16 17 18 19 20 21
(a)
Phase spectrum

> X&)

—0—0—0— _
0 1 23{ 4 56 7 8 910111213 14 15 16 17 18 19 20 21
(b)

Fig. P3.1.
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Y4 DTFS of th
) e € Slgnrl
’1‘ Obtalﬂ th Is hOWn in Flg Py 2 513_

X(n)

2

12-11-10-9 -8 -7 -6 .5 4 3.9,
210,
2

789

Fig, p3
. .2.
. — gk . k
4je”’! //zsm(l .

| x(k)’“ ! 6) > Oskgs
»
|

nd
!pJJ'Fl

| X(n)

LATRTRY
21314 151617 1% 19 20

the DTFS coefficients for g, Signal
X

() showp i, Fig. P33

1
|
|
|
|
|

8 gyndamental period N =7. 7 Q=122

¥ enke0,...6

(1 + eIk e‘fsT"k) ke (0,...6).

1
X(k) = 7

134, Evaluate the DTFS representation for the signal shown in Fig. P3.4. Sketchits magnitude

uf phase spectrum.

x(n)

N ] 1] O e
i S K

Fig. P34
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3. Fourier Repres,

504 e i
. s i
Ans. The magnitude and phase spectra aré shown in Fig. P3.4.1 and P34 regy, %,

e .
onecyclek € (-4...4)] Chvely [
X0 '
0.63 0.63
0.19 0.19
0.09
W1 04 0,04 I 1
e O A
4-3-2-101 2,3 4
Fig. P3.4.1

I
T

Fig. P3.4.2.

P3s.D i i -
etermine the time domain signal represented by the DTES coefficients

(o]

X(k) = Z 6(k ~ 2m) - 26(k + 3m)

m=-o00

Ans. N::6 ;QO=_7_r
3
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35ystems _ 5‘0’5
5:’5’"”’ ) “
2
e, s i : | S
N = 7 ’ 7] 7
pns

n,k€(-3,-2,-1,0,1,2,3)
x(n) = 2 cos (Z—H-'n)_ L
. 7 2
31, Determine the FS representatibn for the signa],i ]
x(t) - ‘c6S(4t) +sm(6t)

Aﬂs' w0=2 ;T:T[

HD=X@3;%
g L
X3 =3 X3 =55
& X()=0 for k#+25 %3

P 3.8. Determine the FS representation for the periodic signal,

ﬂg:é*';;1<t<1

with period T = 2.

(-1

A - X() = =~ . for all k.
- 2(1 + jkm)

fe—e']
i i iod T-=4-given by, *
.on for the signal x(t) with period 1.7
S representation
P 3.9. Evaluate the F

x(t) = sin(7t) 0<t<2
=0 ' -2<t<4
: £ ol gV e FEERI
Ans. . T =45 W™ .
. _'kfr i _k_lr_ 2 )
X(k)-_: 2]3 J.7S1n(2) ,'k?‘: :t2 : | ‘.

X2)=X(-2)=0
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506

P'3.10. Find the FS coefficients for the periodic signal shown in Fig, p3 10
x(t)

6-5-4-3 2-1 01 2 3 4 5 ¢ 7 8t

Fig. P3.10.
Ans, T=4 ,,40 _T7
)
Xy = &2 SInC) + e sinlr)
; f [ 2
| - orall ‘k Cxcept k - 0

D X0)==
% P311.p X
é "=+ Determine the DTRT of the signal,
y

1 n
x(n) = (Z) u(n + 2)

o X g

I-1e-j0
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507
| ﬂﬂn&
petefmi"c the DTET of the signal x(n) shown ip Fig. P3.15 . e ot ] 1

P x(n)
02

il

10.5
| I
-3 2-1 01 23
Fig. P3.15.
X(ejQ) =2 + ¢cos(Q) + 2 cos(2Q) + cos(3Q)
Ans.
p3.16 Find the time domain signal corresponding to the DTFT,
Ans. x(@) = (4,0,1,0,0,-2,0,0,3}
p3.17. Find the inverse DTFT of, .
.- j Sl gL
X(ejQ) = COS (—2-) + jsin(€2) :
D Lo 1)- 2o+ D)
o gD
Ans. x(n o (n2 - z)
1 : c DTFF Ofs
P 3.18. Find the invers .Q . %r
X =0 ;
Tl < %ﬁ
= 1 ) '3' Sl = 3
2
sl (0] B
=0 ) 3
xX(e?) = 28

3008 s (3]

Ans. x(®) "‘\ i
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305

ion: respo
P in signal cor
3.19. Determine the time domain SIS

] lg' \
below, ' X&) %-lg

- —

g,_.. r_J. 1t : E ;

- _j_l_f _6r —-—SE -3 8
88 0
Fig. P3.19
3mn) . (@ )]
6mn [T cin
Ans. x(n) = L [sin (7_7r_n) + sin (—8——) = sm( g ) 8/
T nr 8 |

P 3.20. Let x(n) be a sequence given by,

k)= {- 1.2, -T3,2, -1}

with DTFT X(¢/%), E\‘/ellluate the following functions without computing X(e/2y |
n ) g
(@) X(e/0) ®) Xy (c) [X(?dQ @ [ xeio)p i
o -
Ans. (a) -1 (b) -9 (c) —6m (d) 38«
P 3.21. Determine the inverse DTFT of each of the following DTFT;.
(@) X(e) = 142 cos(Q) + 3 cos?(Q)-
(®) ¥/ = j{3 + 4cos(@) + 2 cos?(Q)] sin(Q)

A (@), x(0) = (075,1,25,1,0.75)
125

®) ym)={0.251,175 0,~1.75, -1, —0.25]
T

P 3.22. Find the Fourier Transform of the signal,

- x(t) = ey (<t +1) -
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ls & Systems

p32% Find the Fourier Transform of e, ;. 0

509

=0
1 2e-jw 2eJw
= — ~2
P 3,24, Compute the Fourier Transform of

» otherwise

x(t) = [t g2t sin(4t)]u(t)
using appropriate properties.
. jr :
. X(jw) = _ _ jn
Ans. AU 2+jw+R " 2+ jw-ap
P 3.25. Find the FT of the signal,

x(t) = sin(f) + cos (2m + g)

Ans. X(jw) = jrd(w + 1) = jnd(w - 1) + e/36(w = 27) + e T 6(w + 27)

P 3.26. Find the time domain signal correspbnding to,

X(jw) = cos (4w + %)

J j3
Ans. x(t) = S —ot-4)+ f—a(t+4)

P 3.27. Find the inverse FT of,
X(jw) = 2[6(w - 1) - 8@+ NE 3[5(w 2m) + 8(w + 2m)|
2
Ans. x(t) = I gin(z) + 2 cos(27t)
V(4

28. Evaluate the following
ET of the signal x(t) shown in Fig. P3.
P 3.28. Let X(jw) be the

without explicitly evaluating X(jw)-
x(®)

—

Fig. P3.28.
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510 s 2oup Niag; ‘
DU
mns OFS;
3
(@) X(jo) \

(®) ¥X(jw)

© [ X(jw)dw

@ [ 1X(jw)Pda

Ans. (@) 7 (b) -w (c) 4n  (d) 26m

P 3.29. Obtain the frequency response of a system having impulse response,

h(n) = (-D" 5l < 10

-0 ; otherwise

21

Ccos (—Q)
Ans. H(e/?) = _\2 )

cos(3)

e

h(t) = 4™ cos(12)u(t) "

Ans. H(jw) = T +
(Jw) 2[2+j(m+12)+2+j(al)—12)]

P( 3.31. Obte.lin the frequency response and the jm
y(n) for the Input x(n) as given below.

x(n)=(1)nu(n) and y(n) = ln At
1 =1z u(n)~(Z) u(n - 1)

pulse response of the system having the
| Outpy

Ans.

1
8701 =2) = 3x(n) - i—x(n ~1)
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e —

he dlfferentlal equation —
10n 0

fi
‘,3}9' h(t) = (9,2 2 SYStem wi
d?y(t);rS%(EQ 60 =~ AT Ol mogs
I fﬂtm h Jifferential equatlontde |
l;;)‘ ” SCI‘—lztion for the system hay
2 4dy() d . tu(t)‘2te‘2tu(t) 'ng impulse fesponse
0+ T+4y(t)=2—§9+2x(t)

alﬂs' dt : n i equatio f h [‘CSPO“SC
, ] e dllle tlal q tl n descr. ort C
(+ lption € Syst W requen

stsl Fin
H(](U) = 2+ 3]“) - 3(]w)2

1+ j2w

dx(t)
: + 2x(t)

d2x(t
O 450 = ELEI NS
. oal x(t) = cos(10mt) + 3 -
%, stgﬂ.a cos(20mt) is 1
;n}d e NyqUist rate. | ) is ideally sampled with sampling pert

od Ts.

— 40r rad/sec or 20Hz

p 11, specify the Nyquist rate for each of the following signals

() X1(t) = SiIlC(SOO[)
i) 00 = sinc?(5006)
1. (i) 10007 rad/sec OF 500 Hz
r 1000 Hz

(i) 20007 rad/sec d
te for each of the follo

rmine the Nyquist 2

wing signals

P338. Dete
(i) x(t) = sin(2007rt)
(i) x(t) = sin®(2007t)

).+ sin(400m)

or

(i) x(t) =1+ cos(200mt

his, (i) ws = 4007 rad / s€¢ > = 20082

(i) wg = 8007 rad / sec or
(if) wg = 800 rad /S€° or
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